ON THE CHARACTER DEGREES OF SYLOW p-SUBGROUPS 
OF CHEVALLEY GROUP OF TYPE E(p f ) 



TUNG LE AND KAY MAGAARD 



Abstract. Let ¥ q be a field of characteristic p with q elements. It is known 
that the degrees of the irreducible characters of the Sylow p-subgroup of 
GL n (¥q) are powers of q, see Isaacs [4]. On the other hand Sangroniz [6] 
showed that this is true for a Sylow p-subgroup of a classical group defined 
over ¥ q if and only if p is odd. For the classical groups of Lie type B, C and 
D the only bad prime is 2. For the exceptional groups there arc others. In 
this paper we construct irreducible characters for the Sylow p-subgroups of the 
Chevallcy groups D^(q) with q = 2? of degree q :i /2. Then we use an analogous 
construction for E$(q) with q = 3? to obtain characters of degree q 7 /3, and for 
Eg(q) with q = 5^ to obtain characters of degree q 16 /5. This helps to explain 
why the primes 2, 3 and 5 are bad for the Chevalley groups of type E in terms 
of the representation theory of the Sylow p-subgroup. 



1. Introduction 

Let G be a Chevallcy group defined over a field ¥ q of order q and characteristic 
p > 0. By ao we denote the highest root of the root system E of G. It is well known 
that «o is a positive integral linear combination of the fundamental roots of E. So 
without loss ao = X)[=i a i a i where the on are fundamental roots of E. Recall that 
p is a bad prime for G if p is a divisor of some cii . 

It is well known that if G classical then the only possible bad prime for G is 
2. On the other hand if G is exceptional of type E, then the prime 3 is also bad. 
The "badness" of the prime evidences itself in the classification of the unipotent 
conjugacy classes of G. Here we aim to explain why the primes 3 and 5 are bad 
for groups of type E in terms to the representation theory of the Sylow p-subgroup 
of G = E 6 (q) with prime 3 and G = E s (q) with prime 5. Let UEk{q) denote the 
unipotent radical of the standard Borel subgroup of Ek{q) for k = 6 and 8; i.e. 
the subgroup generated by all the positive root groups of G. By Uk we denote the 
quotient V Ek(q) / 'Kk-i, where Kk-i is the normal subgroup of UEk(q) generated 
by all root groups X a such that a has height k — 1 or more. Clearly any character 
of Uk inflates to a character of UEk(q). Abusing terminology slightly we call the 
image under the natural projection of a root group of UEk(q), a root group of Uk- 
We observe that Z(Uk) is generated by the root groups of height k — 2 and hence 
\Z(U k )\ = q^ 1 - We define the family 

T k := {X G Irr(f/ fe ) : X a £ Kcr( X ) for all X a C Z(U k )}. 

Theorem 1.1. The following are true. 
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(a) If q — 3*, then for all \ G J~e we have G {q 7 ,q 7 /3}. Moreover F§ 
contains exactly (q — l) 5 (q 2 — (q — l)/2) characters of degree q 7 and exactly 
3 2 (g — l) 6 /2 characters of degree q 7 /3. 

(b) If q = 5^ ; then for all y G we have G {? 16 ;9 16 /5}- Moreover 
contains exactly (q — l) 8 (g 3 + q 2 + q + 3/4) characters of degree q le and 
exactly 5 2 (q — l) 8 /4 characters of degree q 16 /5. 

We remark that 9(g - l) 6 /2, (g - 1) 5 (<? 2 - (q - l)/2), (g - 1) 8 (<? 3 + q 2 + q + 3/4) 
and 25(q — l) 8 /4 are not in 7L\q\. On the other hand we remark also that \T§\ = 
(q — l) 5 q 2 G Z[q] and every character in .F 6 has degree q 7 whenever p ^ 3, and that 
J^l = (q — l) 7 g 4 G Z[q] and every character in T$ has degree q 16 whenever p/ 5. 
Taken together these remarks provide evidence for a generalization of Higman's 
conjecture for groups of type UEi(q), i = 6, 7, 8, see for example [2], namely that 
|Irr(f Ei(q))\ g" Z[q) if and only if p is a bad prime for Ei{q) . 

To prove our main theorem we begin by analyzing our construction of the irre- 
ducible characters of the Sylow 2-subgroup of D 4 (2f) from [3]. Our starting point 
is the quotient of U Dn(q) / K<± where UD^{q) is the unipotent radical of the stan- 
dard Borel subgroup of the universal Chevalley group D±(q) and K± is the normal 
subgroup of UD^(q) generated by the root groups of roots of height 4 and 5. We 
showed that when p = 2 we have a family of characters of degree q 3 /2 of size 
4(q — l) 4 . As UDi(q) is a quotient of UEi(q) for i = 6, 7, 8 we also have families of 
irreducible characters of degree q 3 /2 for groups of type UEi(q), i = 6, 7, 8 and q is 
even. 

Our construction is fairly elementary Starting with large elementary abelian 
normal subgroups we construct our characters via induction, using Clifford theory. 
To compute the necessary stabilizers we critically use Proposition 1.3 and Lemma 
1.5. Throughout this paper we fix a nontrivial homomorphism <f> : (F 9 , +) — > C x . 
For each a £ F f , we define <fi a (x) := <j)(ax) for all x G ¥ q , and denote F* := ¥ q — {1}. 
Hence, {cf> a : a G F*} are all non-principal irreducible characters of ¥ q . 

Definition 1.2. For a G ¥ q , we define T a := {t p - a p ~H : t G FJ. 

We note that T = ¥ q . 

Proposition 1.3. The following are true. 

(a) tP-aP-H = ]l c&p (t-ca). 

(b) If a £ ¥* , then T a is an additive subgroup of¥ q of index p. 

(c) For each a £ F* , there exists b G F* such that bT a = ker <f>. Furthermore, 
cbT a = ker(<t>) iffce¥*. 

(d) {T a : a G F * } = {ker <f> a : a G F*} are all subgroups of index p in ¥ q . 

Proof. Part (a) is clear since the degree of the polynomial t' p — a p ~ 1 t is p and the F p - 
multiples of a are clearly zeros. As F g is of characteristic p, the map ipa ■ ¥ q — > ¥ p 
defined by ip a {t) = t p — a p ~ 1 t is F p -linear. By Part (a) the kernel of the map is 
1-dimensional and thus (b) follows. Evidently (d) follows from (c). We defer the 
proof (c) to Subsection 5.1. □ 

Definition 1.4. For each a G F* , we pick such that a^T a = ker<f>. 

By Proposition 1.3 (c), exists and but is only determined up to a scalar in 
the prime field. In the definition above we make some arbitrary choice which will 
not change throughout the paper. 
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Throughout we fix notation as follows. Let G be a group. G x := G— {1}, Irr(G) 
the set of all complex irreducible characters of G, and Irr(G) x := Irr(G) — {1g}- 
For H,K < G, and £ G irr(P), define Irr(G/K) := {x G Jrr(G) : P C ker( X )}, 
Irr(G,g) := {x G Pr(G) : (x,£ G ) # 0}, and Irr(G/K, £) := Irr(G/K)nIrr(G,g). 
Furthermore, for a character \ of G, we denote its restriction to P by x\h- 

Lemma 1.5. Let N<G and 1 G X be a transversal of N in G. Suppose N = ZYM 
where Y < N, Z C Z(JV), M <JVondJc N G (ZY). J/ there is A G Irr(ZY) such 
that Y C fcer(A), and "A ^ "A /or all u ^= v E X, then the following are true. 

(a) For all \ G Irr(N/Y, A), x G G Irr(G). Moreover, ifxi ^ X2 G Irr(N/Y, A), 

(b) Tfte induction map from Irr(N/Y, A) to Irr(G,X) is bijective. 
Proof. See Subsection 5.2. □ 

We recall that a p-group P is monomial, i.e. for each x £ Irr(P), there exist a 
subgroup H oi P and a linear character X oi H such that x = -^ P - To construct 
irreducible characters whose degrees are not powers of q = p* , f > 1 we construct 
subgroups H < P and T < P such that T is a transversal of P. Then we find 
a linear character A of P such that the order of the stabilizer StabxiX) of T is 
not a power of q. Moreover we insure that A is extendable to the inertial group 
Pp(A) = HStabxiX). Let A/ denote some extension of A to Ip(X). By Clifford 
theory the induction of A/ to P is irreducible, of degree not a power of q. The 
existence of a suitable pair (P, A) is based on Proposition 1.3 because a polynomial 
of the form x p + a p ~ l x, a ^ 0, appears in the formulae of the action of elements of 
T on the characters of P. 

We will now highlight the main steps of the constructions of our characters. We 
have deferred all of our proofs to Section 5. 

2. Sylow 2-subgroups of the Chevalley groups D±{2f) 

Let ¥ q be a field of order q and characteristic 2. Let S := (ai, aa, 03, 014) be the 
root system of type D4, see Carter [1], Chapter 3. The Dynkin diagram of S is 

• ot 2 



a% Q!3 a?4 

The positive roots are those roots which can be written as linear combinations 
of the simple roots a\, 013, 0:4 with nonnegative coefficients and we write S + for 

the set of positive roots. We use the notation for the root a\ +a 2 +2^3 + 0:4 

and we use a similar notation for the remaining positive roots. The 12 positive 
roots of E are given in Table 1. 

For a G £ we denote the corresponding root subgroup of the Chevalley group G 
by X a whose elements we label by x a (t) where t G F g . We note that X a = (F 9 , +). 

We recall that the commutator formula [x a (r), xp(s)] = x a+ p(— Ca^rs) if a+/3 G 
E, and = 1 otherwise, see Carter [1], Theorem 5.2.2. Since p = 2we have —1 = 1 
in ¥ q , so all non-zero coefficients C a ,p are equal to 1. For positive roots, we use the 
abbreviation Xi(t) := Xo^t), i = 1,2,..., 12. All nontrivial commutators are given 
in Table 2. 
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Table 1. Positive roots of the root system £ of type £> 4 . 



Height 


Roots 


5 


ai2 := 


1 

12 1 








4 


an ■= 


1 

1 1 1 








3 


a 8 := 


1 

110 


ag '.= 




1 1 1 


aw := Q I 1 


2 


a 5 := 




110 


a 6 := 


1 

10 




aj:= on 


1 


Oil 




o 2 




a 3 a 4 



Table 2. Commutator relations for type D4. 



[xi(t),x 3 (u 
[xi(t),xr(u 
[x 2 (t),x 3 (u 
[x 2 (t),x 7 (u 
[xs(t),X4,(u 
[x 4 (t),x 5 (u 
[xi(t),xs{u 

[x 6 (t),Xg(u 



X 5 (tu) , [Xl (t) , X 6 (u)] = x s (tu) , 

Xg(tu), [xi(t),X W (u)] = Xn(tu), 

x 6 (tu) , [x 2 (t) , x 5 (u)} = x$ (tu) , 

x w (tu), [x 2 (t),x 9 (u)} = xn(tu), 

x 7 (tu), [x 3 (t),xu(u)} = xi 2 (tu), 

x 9 (tu), [x 4 (t), x 6 (u)} = x io (tu), 

xn(tu), [x 5 (t),xi (u)} = xi 2 (tu), 

xi 2 (tu), [x 7 (t),x s (u)} = xi 2 (tu) 



The group UD4 generated by all X a for a G S + is a Sylow 2-subgroup of the 
Chevalley group D 4 (q). Each element u € UD4 can be written uniquely as 

u = X 1 (t 1 )x2(h)x4(t4,)x3(t3)x 5 (t 5 ) ■■ ■ x 12 (ti 2 ) where Xi(U) 6l,. 

So we write Yl]=i x i(U) as this order. We note that our ordering of the roots is 
slightly non-standard as the positions of X3 and x 4 are reversed. 

We define T± := {x £ Irr(UD 4 (q)) : x\x t = x(l)0a, for each a s , a 9 , a w S F*}. 
If ^ is a representation affording x 6 then we have ^([xst^s): #4(^4)]) = 
[*(x 8 (t 8 )),*(x 4 (t 4 ))] = [0 Q8 (t 8 )*(l),*(x 4 (t 4 ))] = *(1) for all t 4 ,t 8 6 F g . There- 
fore, Xu = [X$,X4] C ker(x)- Use the same argument for X% 2 = [Xg,X 7 ] C 
ker(x)- Thus only the factor group U = UD^/X^Xn acts on a module affording 
X- Therefore, we may work with U which has has order q 10 , and Z(U) = X$XgXio. 

a s I" 2 1 a e aw 




Figure UD^q): Relations of Roots 

Let H := [17, U] = X 5 X 6 X 7 X S X 9 X W , and T = XiX 2 X 4 . It is clear that H, HX 3 
and T are elementary abelian. The group U can be visualized in the above figure. 
The roots in boxes are in T, the others outside are in H, and a 3 , which is neither 
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in T nor in H, is in a circle. The disconnected lines demonstrate the relations of 
sum of roots equal to roots in center, e.g. a 2 + «5 = a& + ai = a$, ... Each edge of 
the triangle contains four roots, two on the outside and two on the inside. Each of 
the three vertices of the triangle together with the four adjacent inside roots forms 
a hook of length 2, sec [3]. The corresponding hook group is special of order q l+A . 
The group generated by each hook group g 1+4 and X3 is isomorphic to a Sylow 
2-subgroup of the general linear group GL4 (¥ q ) . 

To study those characters Xj we start with a linear character A of H such that 
X\ Xi ± Ijc, fori = 8, 9, 10. 

Definition 2.1. For a 8 , a 9 , a 10 £ F* and b 5 , & 6 , b 7 G ¥ q , we define 

(a) A^ b Xm=5^)) :=0(Ej= B Mi + EjW;)- 

(b) 5 56 7 := {x 567 (t) := x 5 (a w t)x 6 (a 9 t)x 7 (a$t) : t G ¥ q }. 

(c) 5i24 := {x\%i{t) := xi(a w t)x 2 (a 9 t)x 4: (ast) : t G ¥ q }. 

(d) A := a$a 9 a w and t := ^ (65010 + 66«9 + b 7 a s ). 

(e) F 124 := {l,xi 2i (to)}. 

(f) F 3 := {1} if t = 0, and F 3 := {l,x 3 (&Lt)} otherwise. 

It is easy to check that 5567, 5*124, -F124, F 3 are subgroups of U. If to = 0, then 
F124 = ^3 = {!}, otherwise Fi 24 = F 3 ~ (F 2 ,+). Since SW, SW = (F 9 ,+), their 
linear characters are in the form <j>bt( x i(t)) — <t>(p%t) where i G {124,567} for all 
bi,t G ¥ q . For each £ G Irr(F 12i ), £ = 0b 124 |fi 24 for somc ^6124 € Irr(S 12i ) : 6124 £ 
F g . If F 12 4 is nontrivial, we choose 6124 G {0,0424} — (F2,+) where 1^(0124*0) = — 1. 
The same for F 3 < X 3 , for each £ G Irr(F 3 ), £ = <f>b 3 \F 3 for some (f>b 3 G Irr(X 3 ) 
and 63 G {0,a 3 } = (F 2 ,+) such that <p(a 3 ^-) = -1 if (i o ) exists. 

For each ag,ag,aio G F*, there arc g 3 linear characters ,\" 8 '" 9 j_ ai0 f jj By th e 
definition of to, there are g 2 of them such that to = and the others q 2 (q — 1) 
linears such that to 7^ 0. Therefore, there are g 2 cases where F124, F 3 are trivial and 
g 2 (g — 1) cases where F124, F 3 are of order 2. 

For all Xi(ti)x2(t2)x^(t4,) G T, we have 

V b 5 .b e .bY 1 A b & +ast 2 +a 9 t i ,b 6 +agt 1 +a 1 ot4,b 7 +a 9 ti+a 10 t2' 

Hence, T acts on the set of linears { / \° 8 '° 9 ^ ai0 }. It is easy to check that to is invariant 
under this action. All properties of X^'^' b a ^° are known as follows. 

Lemma 2.2. Set A := X b f'^' b a _ ia . The following are true. 

(a) Si 24 = Stab T (X) and S 567 = {x G X 5 X 6 X 7 : \X U (x)\ = X u {\)\. Moreover, 
X u \ S567 =X u (l)(b At0 . 

(b) A extends to HX 3 Fi 2i and HF 3 Si 2 ^. LetXi, X 2 be extensions ofX to HX 3 Fi 2 ^. 
The inertia groups Iu(Xi) = HX 3 Fi 2 ^. 

(c) Xi u = X 2 U G Irr(U) iff Xi\f 3 = A 2 |f 3 and Ai|f 124 = A 2 |f 124 - 

Proof. See Subsection 5.3.1. 

Remark When g is odd, both {x G X 5 X 6 X 7 : \X U (x)\ = X U {1) = g 4 } and 
StabxiX) are trivial. Thus, A extends to HX 3 and induces irreducibly to U of 
degree g 3 . 

When to 7^ 0, the statement in Lemma 2.2 (c) makes sense since the dihedral 
subgroup (^124,^3) C Iu(Xi). By Lemma 2.2 (b), X 3 ,Si 2 4 C Iu(X) but A is not 
able to extend to HX 3 S\ 2 a since [X 3 , 6*124] ker(X). 
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By Lemma 2.2 (a), T acts on the set of q 3 linears x" 8, " 9 2_ ai0 ^ Q ^ or ]- ) i^ S) each has 
size q 2 . By Lemma 2.2 (b), all q 3 linears x^ 8 '" 9 l ai0 extend to HX3 and we obtain 
q 4 linear extensions, in which there are q 3 linears with to — and q 3 (q — 1) linears 
with to 0. 

If t = 0, F124 is trivial. By Lemma 2.2 (b), A extends to = HX 3 < U, 

as r\. T is a transversal of HX3 in U and acts regularly on these q 3 linears r\ with 
to = 0. Therefore, rf 3 £ Irr(U) of degree q 3 only depends on as,ag,aio, so we 
denote it by xt g^o q3° G Irr(U). This character is the unique x e J4 of degree g 3 
such that x\x ( = x(l)0<ii where i = 8,9,10. Furthermore, by Lemma 2.2 (a), this 
is the unique constituent \ of (Al^^gA^o)* 7 such that 5*567 C ker(x)- 

If to 7^ 0, -F124, -F3 arc isomorphic to F2. By Lemma 2.2 (b), A extends to HX3F124 
as Ai, and X± u £ Irr(U) of degree For each to 7^ 0: by Lemma 2.2 (c), all 
constituents Xi U of X u only depend on the restrictions of Ai to F124 and F3. There- 
fore, we denote these constituents of X u by x fc i^,fc 3 ,to,a 8 ,a 9 ,a 10 wherc 0l24i b 3 e f 2 , 

8,9, 10, 

to,a8,a9,aio £ F*. For each as,ag,aio G F*, there are 4(q — 1) characters x£^i 

of degree \ such that x\xi = x(l)0ai where i = 8, 9, 10. 

The next theorem lists generic character values of all \ £ Irr(U) such that 
x\x z = x(1)<Ak where i = 8,9, 10. 

Theorem 2.3. For ag,ag,aio £ F*, suppose x £ Irr(U) such that x\x t = x(l)<^a; 

C l if i = j 

where i = 8,9, 10. 5et Z = ^245567^8^9^10 cma ' ^ e Kronecker Sij = < _ ^ 
TTie following are true. 

(a) J/ X (l) = q 3 , tften X = and 

X(IIi=l Xi(U)) = ^0,ti<Jo,i2^0 1 *4^0,ts^o B i5.oiotr^08te 1 09i79 3 ^(Z)i=8 a ^0- 

(b) If X (l) = 4, tften X = x ^,63|, as ,a 9 , ai0 /or some ^ ^ G h £ F x 

and x(Il].iiXi(U)) = 
f T^( & i24^ + Ato% + Ei=s <HU) if n!=i € ^ and 

\ <5a 8 t 1 ,a 1 ot4^a 8 t 2 ,a 9 t4^ 3it «T^( &124 i^ + & 3*3 + At o^ + (*) + Ei=8 a i^) otherwise, 

where tt = ^ and (*) = ^(-k- + -^)(^ + ^). 
Proof. See Subsection 5.3.2. 

3. Sylow 3-subgroups of the Chevalley groups E 6 {2)f) 

Let F 9 be a field of order q and characteristic 3. We study E§{q) by its Lie root 
system. Let £ := (0:1,0:2, 0:3,0:4, as, ae) be the root system of i?6, see Carter [1], 
Chapter 3. The Dynkin diagram of E is 

«2f 



•- 



Oi 03 04 05 06 



The positive roots are those roots which can be written as integral linear com- 
binations of the simple roots ai, 02, ae with nonncgative coefficients. We write 
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E + for the set of positive roots. Here, |E + | = 36. We use the notation 1 2 3 2 1 

for the root a\ + 2a 2 + 2Q3 + 3«4 + 2a§ + ae and we use a similar notation for 
the remaining positive roots. Let X a := (x a (t)\t £ F 9 ) be the root subgroup 
corresponding to a G E. The group generated by all X a for a G E + is a Sylow 
3-subgroup of the Chevally group E§(q), which we call UEq. 

In this section, we are going to construct irreducible characters x °f degree ^ 
by considering the following special family of irreducible characters of UEq. 

Tq := {x 6 Irr(UE 6 ) : X \x a = x(l)0„, ht(a) = 4, a G F*}. 

Let ip be an affording representation of some x S Tq. Using the same argument as in 
Section 2 for all positive roots a with height greater than 4 to obtain X a C fcer(x). 
Let if 5 be the normal subgroup of U Eq generated by all root subgroups of height 
greater than 4. Thus only the factor group U := UEq / K§ acts on a module affording 
X- By the nature of the canonical map from UEq to U, we can identify all root groups 
of root heights less than or equal 4 to their image groups. There are 21 roots a G E + 
with ht(a) < 4. These 21 positive roots are given in Table 3. Therefore, the group 
U has order q 21 and Z{U) = X 17 X 18 X lg X 20 X 21 = (Xp : ht(j3) = 4). 

For positive roots, we use the abbreviation Xiit) = x ai (t), i = 1, 2, . . . , 21. Each 
clement u G U can be written uniquely as 

u = X2{t 2 )x 1 (t 1 )x 3 {t 3 )x i {t i )x b (t b ) ■ ■■x 2 i{t 2 i) where x^t,) G X t . 
So we write Y\l=\ x i{^i) as this order. It is noted that there is a permutation of x 2 . 

Table 3. Positive roots of the root system E of type E§. 



Height 


Roots 


4 


a20 ~ 1 1 1 a21 ~ 1 1 1 1 

1 .0 .1 

ai7 '~ 1 1 1 ai& ' _ 1 1 1 1 aig '~ 1 1 1 


3 




ai5 - _ 1 1 1 aw -~ 1 1 1 

.1 .1 

ai2 ' — 1 1 1 ai3 '~ 1 1 ai4 ' 1 1 


2 


. 
aw '~ 1 1 an '~ 1 1 

.1 .0 

ar '~ 1 1 a§ " — 1 aQ '~ 1 1 


1 


Oi 2 OL\ «3 OLA, as Qf6 



For each a G E, since the lengths of a-chains of roots through a root are at most 
1, the commutator formula [x a (r),xp(s)] = x a -^p(—C at prs) if a + (3 G E, and = 1 
otherwise, see Cater [1], Theorem 5.2.2. For each extraspecial pair (a, we choose 
the coefficient C a ,p ■= — 1. By computing directly or using MAGMA [5] with the 
following codes, all nontrivial commutators are given in Table 4. 

W:=RootDatum("E6"); 

R:=PositiveRoots(W); A:=R[1..21]; 
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for i in [7..21] do 
for j in [l..(i-l)] do 
if (R[i]-R[j]) in A then 
k:=RootPosition(W,R[i]-R[j]); 

if klej then print k,"+",j,"=",i,"(",LieConstant_C(W,l,l,k,j),")"; end if; 
end if; 
end for; 
end for; 



Table 4. Commutator relations for type Eq 



[Xi(t) 

W(t) 

[x 5 (t) 
[xi(t) 
[ Xl (t) 
\xi{t) 
[x 2 (t) 

[a*(t) 



,x 3 (u)] 

,x 5 (u)] 

,x T (u)] 

.x w (u)] 

,x 9 (u)} 

,x 13 (u) 

,Xi5(u) 

,xi 5 (u) 
,xie(u) 
,xie(u) 



x 7 (tu), 
x w {tu), 
xi 2 (-tu), 
= x u (tu), 

Xl5(-tu), 

= xn(tu), 
= x ls (tu), 
= x 19 (tu), 
= x 2 o(tu), 

= X 2 i(tu), 



[x 2 (t) 

[16 (*) 

[x 2 (t) 
[x 5 (t) 
[x 4 (t) 
[x 7 (t) 
[x 7 (t) 

[x 3 (t) 
[x 8 {t) 
[x 9 (t) 



,x 4 (u)] = 
,x e (u)] = 

,Xg(u)} = 

,x a (u)] = 

,x n (u)] 

,x 8 (u)} = 

,x w (u)] 

,xu(u)] 

,x n (u)] 

,x n (u)] 



x s (tu), 
x n (tu), 
xi 3 {tu), 
x u (-tu), 
= x 16 (tu), 
x 17 (tu), 
= x ls (tu), 

= Xig(tu), 
= X 20 {tu), 
= X 2 i(tu), 



[x 3 (t),X4(u)} 

[x 1 (t),x g (u)} 
[x 3 (t),x 8 (u)} 
[x 3 (i),x 10 (u 
[x 6 (t),x w (u 
[x 2 (t),x 12 (u 
[x 5 (t),x 12 (u 
[x 5 (t),x 13 (u 
[x 6 (t),xu(u 
[x 6 (t),xi 5 {u 



x 9 (tu), 
x 12 (tu), 
xi 3 (tu) 7 
= x 15 (tu), 
= xi 6 (-tu), 
= xn(tu), 
= x 18 (-tu), 

= Xig(-tu), 

= x 20 (-tu), 
= x 21 (-tu). 



aw 



...«9 



[of] 



■■■.ai8 



«12: 



■Q.xi 



Q!13 




j Q2 | 

as. 

ah 



«14-. 



Ot 2 lr' 



ai 6 



'a 2 o- 



Let H := (X a 



rii=i2^' ^ 2 := lli=8^' an< ^ T := (X 2 , Xi, X 3 , X§, Xq) = X 2 XiX 3 XtX5XqXh. 
It is clear that \H\ = q 13 , \T\ = q 7 , Hk is generated by all root groups of root height 
k in H, and T is a transversal of HX4 in U. Both H and HX4 are elementary 
abclian and normal in U, and T is isomorphic to UA 2 (q) x UA 2 (q) x [/yli(g), where 
UAk(q) is the unipotent subgroup of the standard Borel subgroup of the general 
linear group GLk+i (q). We can visualize the group U in the above figure. The roots 
in boxes are in T, the others outside arc in H, and a 4 , which is neither in H nor 
in T, is in a circle. The disconnected lines demonstrate the relations between roots 
to give a sum root in center, e.g. aj + Q10 = ais, 0*7 + a% = aij... In addition, we 
have two triangles, as same as in Section 2 of UD 4 (q), namely (an, ai$, aig) and 



Figure UEs(q) : Relations of Roots. 
a 4 y£ a E £+, (a, a 4 ) > 0) = H 4 H 3 H 2 where ff 4 := #3 



r 10 
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(aig, a2o, 0i2x). These two triangles share a common pair of roots (02,0115) where 
OL2 + 0£15 = ai9- 

We consider A G Irr(H) such that X\x t = 4> ai 7^ ljq for 17 < i < 21. Since the 
maximal split torus of E§(q) acts transitively on ®JL l7 Irr(Xi) x , it is allowed to 
assume that X\ Xi = <f> for 17 < i < 21. So we set A = A^ 2 ^ 14 ^ 15 ' 616 € Irr(H) 
such that \\xi = 4>bi where bi G F for all 8 < i < 16, i 7^ 11. 

Definition 3.1. For bs, 09, bio, b\2, &13, 014, 015, &16 G F g , we define 

(a) Si := {sx(t,r,s) := x 2 (t)a;i(t)x3(-t)x5(t)a; 6 (-t)a; 7 (r)a;ii(s) :t,r,se ¥ q }. 

(b) S 2 := {s 2 (i) := si(i, 2i 2 , 2t 2 ) : i G FJ. 

(c) i? 3 := {r 3 (i) := M^i3H)aU4(-t)a:i5(i>(:i6(i) : i G FJ. 

(d) i? 2 := {r 2 {t) := x 8 (-t)x g (t)x w (t) : t G F,}. 

(e) S 3 := b 12 - 013 - 014 + &15 + 6i6- 

(f) 5 2 := 6i + o 9 - o 8 . 

(g) IfB 2 = c 2 G F*, F 2 := {l,s 2 (±c)} and F4 := {1, x 4 (±c )}. 

We note that i? fc < iJ fe for k = 2, 3, F 2 < S 2 < S x < T, and F 4 < X 4 . 
Since Rk — ¥ q , for each a G F 9 we define 4> a {rk(t)) = </>a(i) for all n^t) G 
Hence, Irr(Rk) = {<j) a ■ a G ¥ q }. Since S 2 = ¥ q , we can define </> a (s2(0) = <fia{t) 
for all s 2 (t) G S 2 . When 5 2 = c 2 G F*, for each linear £ G Irr(F 2 ) there is 
o 2 G {0,±a 2 } = (F3,+) such that £ = 0b 2 |_F 2 where </>b 2 G Irr(S 2 ) and </>(a 2 c) 7^ 1. 
Use the same argument for F4, for each £ G Irr(F4) there is 64 G {0, ±04} = (F3, +) 
such that £ = </>& 4 |f 4 , where 0f, 4 G 7rr(X4) and </>(a 4 C0) 7^ 1. 

Let i?3 be the normal closure of H3 in HX4S1. Since iJA^ is abelian, X4 C 
Stabjj(X). All properties of A = A^ 2 ^ 1 ^ 14 ' 615 ' 616 are known as follows. 

Lemma 3.2. T/ie following are true 

(a) i? 3 = {2 G #3 : \X u {x)\ = X u (l)} and Si = Stab T {X\ HiH3 ). Moreover, 
X u \ Rs =X u (l)cl> B3 . 

(b) If B3 7^ 0, f/ien StabT^X) = {1}. Hence, if r] is an extension of X to HX4, 
then Iuiv) = HX4. 

(c) If B 3 = 0, then there exists x G T such that X X = A^,' ^?^; for some 

6g,Og,6' 10 G F g . Furthermore, H 3 C ker( x X) HXi 1 and t/ie induction map 
from Irr(HX4Si, x X) to Irr(U,X) is bijective. 

Proof. See Subsection 5.4.1. □ 

Remark If gcd(g, 3) = 1, then {x £ H 3 : \X U (x)\ = X u (1)} and Stab T (X) are 
trivial. Thus A extends to HX4 and hence induces up to U irreducibly. 

By Lemma 3.2 (a), it is easy to see that T acts invariant on B 3 = B 3 (X), i.e. 
B 3 (X) = B 3 ( X X) for all x G T. As above we fix the actions of X\ Xi = (j>, 17 < i < 21, 
H has g 8 linears, in which there are q 7 linears with B 3 = and q' (q — 1) linears 
with B 3 =^0. 

By Lemma 3.2 (b), these q 7 (q — 1) linears of H with B 3 7^ extend to HX4 to be 
q s (q — 1) linears and induce irreducibly to U of degree [U : HX4] = q 7 . Therefore, 

there are ^—^7 — - = q{q — 1) irreducibles in this case and they are parametrized by 
(64, S3). So we denote them by y^t' 53 where 64 G ¥ q and B3 G F x . 

Since H < U, we have A, * A G Zrr(iT) and Irr(U, A) = 7rr(C7, X X) for all .t G T, 
hence, by Lemma 3.2 (c), we suppose that A = A^°^'^°. Since [U : HX4S1] = q A 
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and the induction map from HX4S1 to U is irreducible from all constituents of 
Irr(HXiSi,\), the above q 7 linears of H with B 3 = are corresponding with 
these q 3 linears A?'°i° : ?'° when we observe them at level of HXaSt. 

* og, 09,010 * 1 

Lemma 3.3. The following are true. 

(a) R 2 = {x G i? 2 : |A ffX45l (x)| = \ HXiSl {\)} and S 2 = Stab Sl (X). Moreover, 

\ hx ^\r 2 =\ hx ^(1)<Pb 2 . 

(b) If B 2 (f. {c 2 : c G F* } and let r\ be an extension of X to HX±, then 
iHXiS^ff) = HX4. Therefore, S2 acts transitively and faithfully on all 
extensions of X to HX4. 

(c) If B 2 — c 2 6F ? X , then A extends to HX4F2 and HF 4 S 2 - Let Ai, A2 be exten- 
sions of X to HX^F2- Then Ihx 4 Si{^i) = HX 4 F%. Moreover, \ l HXiSl = 
X 2 HXiSl iff Xi\f 2 = X 2 \f 2 and Xi\ Fi = A 2 |f 4 - 

Proof. See Subsection 5.4.2. □ 

Remark When B 2 = c 2 ^ 0, we see that HX 4 F 3 < U and HF A S 2 $ U, and 

both have index ^- in £/. By Lemma 3.2(c) and Lemma 3.3 (c) all constituents of 

X u have degree Hence, if rj is an extension of A to HF4S2, then ij u £ Irr(U, A). 
We have X4, S2 C IuW an d A extends to HX4F3 and HFiS 2 ^ but A is not able to 
extend to HX 4 S2- 

The group HX4 has q 4 linear characters A such that X\h = X b ' s . Since F* 
is even and cyclic, there are q ^ q 2 +1 ^ linears with B2 {c 2 : c G F*}, and q 
linears with B 2 £ {c 2 : c G F*}. Hence, by Lemma 3.3 (b), there are ^fep = ^ 
irreducibles of degree | iS'x | = <? 3 which are parametrized by B 2 ^ {c 2 : cSFJ}. By 
Lemma 3.2 (c), we obtain irreducibles of degree q 3 [U : HX4S1] = q 7 which are 
denoted by x^i where B2 £ ¥ q — {c 2 :c£F ? x }. Therefore, together with characters 
X q V B3 as computed above, Fq has exactly (q — l)q + irreducible characters \ 
of degree q 7 such that \\xi = x(l)0 f° r an C Z(U). 

By Lemma 3.3 (c), let Ai be an extension of A to HXiF 2 , then \ 1 HXiSl [ s 
irreducible of degree [HX 4 Si : HX A F 2 ] = ^. These \ X HX ^ only depend on B 2 
and their restrictions to F 2 , F4. Hence, by Lemma 3.2 (c), Xi U £ Irr(U) of degree ^ 
is denoted by x^ 2 7 ' b4 ' B2 where b 2 , 04 £ F3 and B2 £ {c 2 : ceF x ). Therefore, T§ has 

exactly 9 ^~ 1 ^ irreducibles of degree such that xIjq = x(l)0 for all Xi C Z(U). 

By the transitivity of the conjugate action of the maximal split torus Tq of 
the Chevalley group E 6 (q) on ® 2 l 17 Irr(Xi) x , there are (g - l) 5 (q 2 - q + ^-) 

characters x £ -^6 of degree q 7 , and 9 ^' ? ~ 1 ^ characters x £ J~6 of degree ^- such 
that x|xj = x(l)0Oij where a t £ F*, 17 < i < 21. This gives the proof for the next 
theorem. 

Theorem 3.4. Let x £ -TV 27ie following are true. 

(a) 7/ x(l) = <Z 7 j iAen i/iere exists t £ To such that *x *s either X q V B3 or X q T> 
for some b 4 £ ¥ g , B 3 £ F* , and B 2 £ ¥ q - {c 2 : c £ F* }. 

(b) If x(l) = ^"j tten £/iere exists t £ Tq such that *x = X^''' 4 ' 52 7 / or some 
63, 04 £ F 3 and £? 2 £ {c 2 : c G F* }. 
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4. Sylow 5-subgroups of the Chevalley groups E s (5f) 

Let F q be a field of order q and characteristic 5. We study Es(q) by its Lie 
root system. Let £ := (ai, a 2l a 3 , 0:4, a^, ae, a?, as) be the root system of Eg, see 
Carter [1], Chapter 3. The Dynkin diagram of £ is 

Ct2f 



ai (33 04 05 a?6 07 as 

The positive roots are those roots which can be written as linear combinations 
of the simple roots ai,a 2 , a% with nonnegative coefficients and we write S + for 

the set of positive roots. Here, = 120. We use the notation 2 4 6 5 4 3 2 
for the root 2a\ + 3a2 + 4a3 + 604 + 5«5 + Aa^ + 3«7 + 2as and we use a similar 
notation for the remaining positive roots. Let X a := (x a (t) \t G ¥ q ) be the root 
subgroup corresponding to a G S. The group generated by all X a for a G S + is a 
Sylow 5-subgroup of the Chevalley group E s (q), which we call UE$. 

a 16 

In this section, we are going to construct irreducible characters x of degree 
by considering the following special family of irreducible characters of UEg . 

T 8 := { X G Irr(UE 8 ) : X \x a = x(l)^„, ht(a) = 6, a G F*}. 

Let ^ be an affording representation of some ^ 6 Jg. Using the same argument as in 
Section 2 for all positive roots a with height greater than 6 to obtain X a C fcer(x)- 
Let be the normal subgroup of UE% generated by all root subgroups of root 
heights greater than 6. Thus only the factor group U := UEs/Kj acts on a module 
affording x- By the nature of the canonical map from UE& to U, we can identify all 
root groups of root heights less than or equal 6 to their image groups. There are 
43 positive roots of height less than or equal 6. These 43 roots are given in Table 5. 

For positive roots, we use the abbreviation Xi(t) = x ai (t), i = 1,2,..., 43. Hence, 
Z(U) = X^XsaX^X^XuX^Xis = (X : ht{fi) = 6). Each element u G U can 
be written uniquely as 

u = X2{t2)xi(t 1 )x 3 (t 3 )x 4: (t4 : )x 5 (t 5 ) ■■ -X43{t4 3 ) where x l (t l ) el,. 

So we write YltLi x i{^i) as this order. It is noted that there is a permutation of x 2 . 

For a, f) G £, the commutator formula [x a (r), xp (s)] = x Q +^(— C Q .^rs) if G 
S, = 1 otherwise, see Cater [1], Theorem 5.2.2. For each extraspecial pair (a, /3), 
we choose the coefficient C a ^ := — 1. By computing directly or using MAGMA [5], 
all nontrivial commutators are given in Table 6. 

Let H := (X a : a 4 ^ a G S+,(a,a 5 ) > 0) = H 6 H 5 H4H 3 H 2 where He = 

Z(U), H 5 = rii=30^ ; H ± = rii=24^. #3 = U!i 18 Xi and H 2 = X 12 X 13 . Let 
T := (Xi, X 3 , X4, X 2 , X 6 , X 7 , X s ) = T 4 T 3 T 2 Ti where T 4 = A23, T 3 = A 16 X 17 X 2 2, 
T 2 = X 9 X w X n X 14 X 15 and T x = X^X^XqXjX^. It is clear that \H\ = q x , 
\T\ = q 16 , Hk is generated by all root groups in H of root height k, as same as for 
Tfc generated by all root subgroups in T of root height k, and T is a transversal 
of HX5 in U. Both H and HX$ are elementary abelian and normal in U. T is 
isomorphic to UA^q) x UA 3 (q), where UAk(q) is the unipotent subgroup of the 
standard Borel subgroup of the general linear group GLk+i(q). It is noted that 
by letting f3 2 , /3 3 , ^4} be a simple root set of type A4, the isomorphism from 
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Table 5. Positive roots of the root system E of type Eg. 



Height 


Roots 


6 




a43 '~ 111111 

i .1 .1 

a40 " — 1 2 1 1 a41 ' _ 1 1 1 1 1 ai2 ' — 1 1 1 1 1 

._ 1 1 .0 
a37 '~ 1 1 2 1 tt38 '~ 1 1 1 1 1 U39 '~ 1 1 1 1 1 1 


5 




a36 " 11111 

._ 1 ._ 1 ._ 
a33 " — 0111100 a34 ' — 0011110 a35 ' — 0111110 

._ 1 ._ ._ 1 
a30 ' — 1111000 0131 ''~ 1 1 1 1 1 ° L32 '~ 12 10 


4 




a29 -~ 1 1 1 1 

._ 1 .0 .0 
0:26 ' 1 1 1 a2J '~ 1 1 1 1 a2& '~ 1 1 1 1 

._ 1 ._ ._ 1 

«23 •— 1110OOO a2i ' 1 1 1 1 a25 - — 1 1 1 


3 




a22 '~ 1 1 1 

.0 .0 

ai9 ' — 1 1 1 ° 2a '~ 1 1 1 a21 ' — 1 1 1 

._ ._ 1 ._ 1 

ai6 ' — 1110000 ai7 ' — 0110000 ai8 ' — 0011000 


2 


._ 
ai5 '~ 1 1 

._ —° ._ 

ai2 ' — 0011000 ai3 :— 0001100 au '~ 1 1 

._ ._ 1 ._ 
019 " — 1100000 ai ° ' — 0010000 an '~ 1 1 


1 


a2 ai CK3 «4 as a@ 07 as 



(Xi, X3, X4, X2) to {7^4(9) sends xi(t) to x^{t), cc 3 (t) to x@ 2 (t), x±{t) to x/3 3 (t), 
and X2(f) to xp t (—t) for all t 6 F g . 

We consider linear characters A 6 Irr(H) such that A|x 4 = 0^ for 37 < z < 43 
and A|xj = ^ for all appropriate j < 36 where € F* and bj € F q . Since the max- 
imal split torus of the Chevalley group E$(q) acts transitively on <E)f^ 37 Irr(Xi) x , 
it suffices to suppose that X\x t = <fi for all 37 < i < 43. 

Definition 4.1. For 6 4 £ F, w/iere i e [12.. 13, 18. .21, 24.. 36] we define 

(a) S 5 := 630 + 631 - 632 - 633 - 26 34 + 26 35 + 26 36 . 

(b) £? 4 := 26 2 4 - 26 2 5 + ^26 - ^27 - ^28 + ^29- 

(c) B 3 := bis - big - b 20 + b 2 \. 

(d) B 2 := 612 - 613 ■ 
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Table 6. Commutator relations for type E 8 . 



[xi(t),x 3 (u)} = 
[x 4 (t),x 5 (u)} = 
[x 7 (t),x s (u)] = 
[x 2 (t),xn(u)] -- 
[x 5 (t),x 10 (u)} -- 
[x 4 (t),x 13 (u)} -- 
[x 7 (t),x 13 (u)} -- 
[xi(t),xir(uj\ - 
\x-i{t),x w {u)} -- 
[x 2 (t),x 19 (u)} -- 

[x 2 (t),X 20 (u)} -- 

[x 3 (t),X 2 o{u)] - 

[X4,(t),x 2 l(u)] - 

[x 5 (t),X 22 (u)} -- 

[x 1 (t),X 2 5(u)} -- 

[x 9 (t),x 18 (u)} -- 

[xg(t) i X2o(u)] -- 

[x 10 (t),x 19 (u)} 

[x 2 (t),X27{u)] - 

[x 13 (t),xi 7 (u}] 

[xi (t),X2l{u)} 
[x 7 (t),X27(u)} - 

[x i {t) 1 x 29 (u)} -- 

[x 15 (t),X2o(u)} 
[x W (t),X24(u)] 

[xi{t),x 33 (u)} -- 
[x 9 (t),x 26 (u)} -- 
[x 7 (t),x 31 (u)} -- 

[xi 6 (t),X2l{u)} 

[x w (t),X2r{u)] 
[x 2 (t),x 35 (u)} -- 

[x U (t),X2 5 {u)} 

[x 8 (t),x 34 (u)} -- 

[xi 8 (t),X2 2 {u)} 
[x n (t),X29(u)] 



Xg(tu), 

x 12 (tu), 

x 15 (tu), 
= x\ 7 {tu), 
= xis(-tu), 
= x 2 o(tu), 
= x 2 i{-tu), 
= x 23 (tu), 

= X 2 4,(tu), 

= x 2 a{tu), 
= x 26 (tu), 
= x 27 (tu), 
= x 28 (tu), 
= x 29 {tu), 
= x 30 (tu), 
= x 30 (tu), 
= x 3 i(tu), 
= x 32 (-tu), 
= x 33 (tu), 
= x 33 (-tu), 
= x 3i {tu), 
= x 35 (-tu), 
= x 36 (tu), 
= x 3e (-tu), 
= x 37 (-tu), 
= x 38 (tu), 
= x 38 (tu), 

= X 3 g(-tu), 

= x 3 g(tu), 
= Xio(-tu), 
= xuitu), 
= xa(-tu), 
= x i2 (-tu), 
= x 42 (tu), 
= x 43 {tu), 



[X2(t),X4:(u)} = 

[x 5 (t),xe(u)] = 
[a;i(t),a;ii(u)] = 
[x 3 (t),x w (u)] = 
[x 3 (t),x 12 (u)] = 
[x 6 (t),x 12 {u)] = 
[x 6 (t),x 15 (u)] = 
[x 2 (t),x 16 (u)] = 
[x 5 (t),x 16 (u)} = 
[x 3 (t),x 18 (u)} = 
[x 6 {t),x 18 (u)} = 
[x 6 {t),x 19 (u)} = 

[x 7 (t),X20{u)] = 
[x S (t),X2l(u)] = 
[x2{t),X2i{u)} = 
[x 1 (t),X27(u)] = 

[x 13 (t),x 16 (u)} 
[x n {t),x 18 (u)] 
[x 3 {t),x 26 (u)} = 

[x 2 (t),X28(u)] = 

[xi 4 (t),xi 8 (u)] 

[xii(t),X 2 l(u)] 

[a; 8 (t),x 2 8(u)] = 
[xi(t),x 32 (u)] = 
[a;i 2 (t),X2 3 (w)] 
[a;2(*),a;3i(«)] = 

[£l3(i),£23(w)] 
[X9(t),X28(u)] = 
[x 4 (0,2:33(u)] = 
[xii(t),x 26 (w)] 
[x3(i),x 34 (u)] = 
[xi7(i),a;2i(u)] 

[x 10 (t),X2 9 (u)} 

[x 3 (t),x 3e (u)} = 
[xis(i),a;27(w)] 



xio(to), 

IEl3(tu), 

= xi 6 (iu), 
= xn(tu), 
-- xi 9 (tu), 
-- x 2 o(-tu), 

-- x 22 (tu), 
-- x 23 (tu), 
-- X2i(—tu), 

-- X2e{-tu), 
x 27 (-tu), 

-- X 2 s(-tu), 
-- X2 9 {-tu), 

-- x 30 (tu), 
-- x 3 i(tu), 
= x 3 i(~tu), 
= x 32 {-tu), 
-- x 33 (tu), 
-- x 3i (tu), 
= x 3i (-tu), 
= x 35 (tu), 
-- x 36 (-tu), 

x 37 (tu), 
= x 37 (-tu), 
-- x 38 (tu), 
= x 38 (-tu), 
-- x 39 (tu), 
-- x 40 (tu), 
= x i0 (-tu), 
-- x 41 (tu), 
= xnitu), 
= x i2 (tu), 
'- x i3 (tu), 
= X4 3 (-tu), 



[x 3 (t),x 4 (u)} = 
[x 6 (t),x 7 (u)} = 

[X4,(t),X 9 (u)} = 

[x 2 (t),xi 2 {u)' 
[x 5 (t),xn(u)'. 

[X 5 (t), X 14 (it )' 
[X S (t), X 14 (it )' 

[x 9 (t),x 10 (u)' 

[Xg (t), X 12 (it )[ 

[x 5 (t),x 17 (u)~ 
[x 10 (t),x 13 (u)} 
[xn(i),a;i3(M)] 
[x 12 (t),xu(u)] 
[x 13 (t),x 15 (u)} 

[x 5 (t),X2 3 (u)) -- 

[x 6 (t),X24,(u)] -- 

[x i (t),X25(u)} -- 

[x 12 (t),x 17 (u)} 

[x e (t),X2 5 (u)} - 
[x 7 (t),X26(u)} - 

[x 3 (t),x 28 (u)} -- 
[x u {t),xi 9 (u)} 

[x 12 (t),X22(u)] 
[Xi(t),X 30 (u)] - 

[x 16 (t),x 18 (u)) 
[x e (t),x 30 (u)} -- 
[xi(t),x 35 (u)] -- 

[x U (t),X24{u)] 

[x e {t),x 32 {u)} -- 
[xn{t),X2o{u)} 
[x 7 (t),x 33 (u)} -- 
[x 2 (t),x 3 e(u)] - 

[x 15 (t),X26(u)) 

[x 8 (t),x 35 (u)} -- 

[x 19 (t),X22(u)} 



xn(tu), 
xu(tu), 
xie(-tu), 
■■ xi S (tu), 

■■ Xig(-tu), 

■ x 2 i(tu), 

■ x 22 (-tu), 
- x 23 (tu), 

■ X2i{tu), 

■ X 2 5(-tu), 

= x 26 (tu), 
= x 27 (tu), 
= x 28 (tu), 
= x 29 {tu), 

■ x 3 o(-tu), 

■ x 31 (-tu), 

■ x 32 (tu), 

= x 32 (-iu), 
: x 33 (-tu), 

■ x 3i (-tu), 

■ x 35 (tu), 

= x 35 (-tu), 
= x 3e (tu), 
■■ x 37 (tu), 
= x 37 (-tu), 

■ x 3S (-tu), 

: X 3 g(tu), 
= X 3 g(-tu), 
■■ X4o(-tu), 

= x 40 (tu), 
■■ xa(-tu), 

■ x i2 (tu), 

= x i2 {~tu), 

■ x 43 {-tu), 
= x 43 (tu), 



(e) i? 5 := {r 5 (v) := x 3 o(v)x 31 (v)x 32 (~v)x 33 (-v)x 3 4{-2v)x 35 (2v)x 3e (2v) : v 6 

(f) i? 4 := {ri{v) := x 24 (2v)x 2 5{-2v)x26{v)x27(-v)x2 8 (-v)x2 9 {v) : v e ¥ q }. 

(g) i? 3 := {r 3 {v) := xi 8 (v)xi 9 (-v)x 20 (-v)x 2 i(v) : v e ¥ q }. 

(h) R 2 := {r 2 (v) := x 12 (v)x 13 (~v) : v E FJ. 

(i) L\ := {h(u) := X2{2u)xi{u)x 3 {—2u)x 4 (u)xq{u)x 7 {2u)x 8 {—2u) : it 6 F g }, 

51 := LiT 2 T 3 T4. 

(j) L 2 := {l 2 (u) := l 1 (u)x 9 (u 2 )x w (~u 2 )x 1 i(u 2 )x 14 (~u 2 )x 15 (2u 2 ) : t E ¥ q }, 

5 2 := L 2 T 3 T 4 . 

(k) L 3 := {? 3 (m) := l 2 (u)x 16 (4u 3 )x 17 (2u 3 )x 22 (3u 3 ) : u £ FJ, S 3 := L 3 T 4 
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(1) 5 4 := {U(u) := h{u)x 23 {3u 4 ) : u G ¥ q }. 
(m) // B 2 = c 4 G F* , ^4 := {s 4 (uc) : u G F 5 } and F 5 := {.t 5 (wc ) : v G F 5 }. 

It is easy to check that for k G [2. .5], < Hk of order q, Sk < Sfe-i < T 
with 5*5 = {1}, and F4 < S4, -F5 < X$ of order 5. It is noted that all Bi are 
defined for each A as above, hence Bi = Bi(X). Since Rk — ¥ q , for each a £ F, we 
define <j) a {rk{t)) = <j> a {t) f° r ah rfc(i) G Rk- Hence, Irr(Rk) = {4> a '■ a, G F g }. Since 
S 4 = Wg, we can define (f> a (8i(t)) = 4> a (t) for all s A (t) G S 4 . When B 2 = c 4 G F*, for 
each linear £ £ Irr(F&) there is 64 € {ta^ : t G F5} = (F5, +) such that £ = ^>{, 4 |f 4 
where </>f, 4 G Irr^S^) and (/)(a4c) 7^ 1. Use the same argument for F 5 < X 5 , for each 
£ G Irr(F 5 ) there is 65 G {ta 5 : t G F 5 } = (F 5 ,+) such that £ = 0& 5 |.f 5 , where 
(f) b5 G Irr(X 5 ) and <j>{a^) ^ 1. 

Let be the normal closure of H§ in HX5S1. All properties of A's are known 
as follows. It is clear that X$ C Stabjj{X). 



Lemma 4.2. TTie following are true 

(a) i? 5 = {a; G #5 : |A a (a:)| = X u (1)} and Si = Stab T {X\ H6Hr ). Moreover, 

\ U \R B =\ U (l)<f>B t . 

(b) // B5 7^ 0, then Sta&x(A) — {!}■ Hence, if T) is an extension of X to HX§, 
then Iuiv) = HX5. Furthermore, ifr/,r]' are two extensions of X\u fi H 5 H i to 
HX 5 , then rf = rj' u iff B^) = B^rf) for 1 = 2,3 and n\ Xs = rf\ x J. ' 

(c) If B5 = 0, then there exists x G T such that x X\xi = Ijq for all Xj G H5. 
Furthermore, H$ C ker( x X) HX&Sl and the induction map from Irr{HX^S\, x X) 
to Irr(U, A) is bijective. 

Proof. See Subsection 5.5.1. □ 

Remark When (9,5) = 1, both R$ and Stabx(X) are trivial. Hence, A extends 
to HX5 and induces irreducibly to U of degree [U : HX5] = q 16 . 

Lemma 4.2 (a) can be observed by the following figure. 

."3.9 

"35 ' 1 " : 



Uli 1 / \_ i "30 



"43 ' ' 1 "41 



"38 1 "37 



I "8 j Lllll "33 -\ / [7T7| 

< < :>.«= ..'"34 IZlID. /a 32 

'a.42 'Q.40 
Figure UEs(q): Relations among roots of heights 5 in H and 1 in T. 

Wc have q 19 linear characters X oi H such that X\x t = 4> f° r a H Xi G Z(U). 
In these, there are q 18 linears with B^ = and g 18 ^ — 1) linears with B$ ^ 0. 
By Lemma 4.2 (a), it is clear that B$ = -Bs(A) is invariant under the action of 
T. Therefore, by Lemma 4.2 (b), these q 18 (q — 1) linears with B$ ^ extend to 
HX5 and induce irreducibly to U. Thus, we obtain - — ^ 1 ^ = Q 3 {<1 ~ 1) irreducible 
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characters of U of degree g 16 which are parametrized by (65, B2, B3, B5) where 
b 5 ,B 2 ,B 3 G ¥ q and B 5 G F*. Hence, we denote them by X q V s B2,B3,B5 ■ 

Since [U : HX5S1] = q 6 , by Lemma 4.2(c), the constituents of g 18 linears of H 
with B5 = inducing to U correspond to the ones of g 12 linears A of H inducing 
to HX5S1, where A|jc 4 = 4> f° r au Xi C He, \\x t = for all X, c #5, and 
A|x; = <t>bi for all AQ C H4H3H2 where 6, G F g . Let A 6 Irr(H) be one of these 
above g 12 linears. Now we consider A in the scenario of the subgroup HX5S1. Let 
H5H4 be the normal closure of H5H4 in HX$S2- 

Lemma 4.3. The following are true 

(a) R 4 = {xe H 4 : \X HX ^^(x)\ = A^ Sl (l)} and S 2 = Stab Sl (MH e H 5Hi )- 
Moreover, X HXsSl \ Rl = X HXsSl (l)4> Bi - 

(b) If B4 7^ 0, then Stabs 1 (X) = {1}. Hence, if 77 is an extension of X to 
HX5, then Ihx 5 Si( t i) = HX5. Furthermore, if r\,r{ are two extensions 
ofX\ H6 H 5 H iH3 to HX 5 , then V HX ^ = v ' HX ^i iff B 2 {rj) = B 2 (r)') and 
V\x 5 = v'\x 5 - 

(c) If B4 = 0, then there exists x G Si such that ^Ajxi = Ia"; for all X% C 
H5H4. Furthermore, H5H4 C ker( x X) HXsS2 and the induction map from 
Irr(HX 5 S 2 , x X) to Irr(HX 5 Si,X) is bijective. 

Proof. See Subsection 5.5.2. □ 

The main idea of Lemma 4.3 (a) can be visualized in the following figure. 

" a 2 g " 12 Q38 

.«28 



"25 

(Hi, 

Figure UE$(q): Relations of between root heights 4 in if and 2 in T. 

Recall that we have q 12 linear characters A of H such that A|x 4 = 4> for all 
Xi C Z(U) and A|x; = lx 4 f° r all Xi C H5. In these, there are q 11 linears with 
Bi = and g n (g — 1) linears with B4 7^ 0. By Lemma 4.3 (a), it is clear that 
B4 = -64(A) is invariant under the action of Si. Therefore, by Lemma 4.3 (b), these 
g n (g — 1) linears with B4 7^ extend to HX$ and induce irreducibly to HX5S1. 
Thus, we obtain q = q 2 (q — 1) irreducible characters of HX4S1 of degree 

1 I = g 10 which are parametrized by (65, B2, B4) where 65, B2 G V q and B4 6F ? X . 
By Lemma 4.2 (c), we obtain g 2 (g — 1) characters of U of degree g 16 which can be 
denoted by x^f 2 ' 81 - 

Since [HX5S1 : HX5S2] = 5, by Lemma 4.3(c), the constituents of g 11 linears 
of H with B4 = inducing to HX5S1 correspond to the ones of g 6 linears A of H 
inducing to HX 5 S2, where A|x 4 = <j> for all Xi C H@, A|x« = lx 4 for all Xi C H5H4, 
and A|xj = <j>bi for all Xi C H3H2 where bi G F g . Let A € Irr(H) be one of above 
g 6 linears of 7?. Now we consider A in the scenario of the subgroup HXsS 2 . Let 
H5H4H3 be the normal closure of H5H4H3 in HX5S3. 




" ■ A37 



16 



TUNG LE AND KAY MAGAARD 



Lemma 4.4. The following are true 

(a) R 3 = {xeH 3 : \X HX ^(x)\ = A**<>*(1)} and S 3 = Stab s ,{\\ H ^ HiH ,). 
Moreover, \ HX5S ' 2 \r 3 = \ HXsS2 {1)(/)b 3 - 

(b) If B 3 ^ 0, then Stabs 2 (X) = {1}. Hence, if rj is an extension of X to HX 5 , 
then IhX^S^V) = HX 5 . Furthermore, if T),r]' are two extensions of X to 
HX 5 , themf 1 *^ =r ,' HX ^ iff v \ Xs = tf\ XB . 

(c) // S3 = 0, then there exists i 6 S2 such that x X\x { = lx; for all Xi C 
H5H4H3. Furthermore, H5H4H3 C ker( x X) HX5 3 and the induction map 
from Irr{HX^Sz, x X) to Irr(HX$S2, X) is bijective. 

Proof. See Subsection 5.5.3. □ 

The main idea of Lemma 4.4 (a) can be described as follows. 

9.43 <.>..;-> 9.37 <■>.!<) 041 n ;,, 



n,„ S 'ai 8 S W: tT3 « 2() 

Figure UE%(q): Relations of between root heights 3 in H and 3 in T. 

Recall that we have q 6 linear characters A of H such that A|x; = 4> for all 
Xi C Z(U) and A|x 4 = for all Xi C H§Ha- In these, there are g 5 linears 
with P>3 = and g 5 (g — 1) linears with B3 7^ 0. By Lemma 4.4 (a), it is clear 
that -B3 = -63(A) is invariant under the action of S%. Therefore, by Lemma 4.4 
(b), these q 5 (q — 1) linears with B3 ^ extend to HX$ and induce irreducibly to 

HX 5 S2- Thus, we obtain q fe-^ = <z(<Z — 1) irreducible characters of HX4S2 of 
degree IS2I = q 5 which are parametrized by (65,-83) where 65 G ¥ q and Bj, G F*. 
By Lemma 4.3 (c) and Lemma 4.2 (c), we obtain q(q — 1) characters of U of degree 
q 16 which can be denoted by x q Ve 3 ■ 

Since [HX5S2 ■ HX5S3} = 3, by Lemma 4.4(c), the constituents of q 5 linears 
of H with B3 = inducing to HX5S2 correspond to the ones of q 2 linears A 
of H inducing to HX^Sz, where X\x t = <t> f° r au C H 6 , X\x t = lx« f° r an 
X, C H 5 H 4 H 3 , and A|x, = for all Xi C i/ 2 where 6 4 eF,. Let A G Irr(H) be 
one of above linears of H . Now we consider A in the scenario of the subgroup 
HX 5 S3. 

Lemma 4.5. The following are true. 

(a) R 2 = {x G H 2 : \\ HX * s *(x)\ = X HX " S3 (1)} and S 4 = Stabs 3 {X). Moreover, 
X HX ^\ R2 = X HX ^(1)^ B2 . 

(b) If B2 $ {c 4 : c G F * } and let rj be an extension of X to HX5, then 
IiiXsSsiv) = HX 5 . Therefore, S4 acts transitively and faithfully on all 
extensions of X to HX§. 

(c) If B 2 — c 4 G F* then X extends to HX 5 F 4 and HF5S4,. Let Ai,A 2 be 
two extensions of X to HX5F4. Then Ihx 5 s 3 {^i) = HX5F4. Moreover, 
Xi HX 5 s 3 = X2 HX 5 S 3 iffXl \ F4 = X 2 \ Fi and X 1 \ Fs = X 2 \f 5 - 

Proof. See Subsection 5.5.4. □ 

It is noted that Stabs 3 (X) = Stabr(X). The main idea of Lemma 4.5 (a) can be 
visualized in the following figure. 
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n.iT g.3,8 



<&12 l Q23 l di 3 

Figure UE%(q): Relations of between root heights 2 in if and 4 in T. 

Recall that we have q 2 linear characters A of H such that A|x* = </> for all 
Xi C Z(U) and A|x 4 = lx, for all -^i C H5H4H3. By Lemma 4.5 (a), it is clear 
that B2 = -82(A) is invariant under the action of S3. Since F* is cyclic, we have 
|{c 4 : c e F*} = £zl. Therefore, there are lhiears with B 2 = c 4 G F*, 

and there are 3g fa-i) linears with B 2 {c 4 : c e F ? x }. Thus, these linears with 
B-2 {c 4 : c G F*} extend to -ffX 5 and induce irreducibly to HX 5 Ss of degree 
IS3 1 = q 2 . By Lemma 4.4 (c), Lemma 4.3 (c) and Lemma 4.2 (c), we obtain 3 ^~ 1 - > 
characters of U of degree q 16 which can be denoted by Xqie ■ 

Now we sum up all irrcduciblcs of degree q 16 as counted above and denoted by 
X b gif 2 ' B3 ' B6 , X b q Ve B2 ' B \ X^ 3 , and xfi 2 6 . Therefore, J" 8 contains exactly q 3 {q- 1) + 

q 2 (q — 1) + 9(9 — 1) + 3 ^^" 1 -* characters x of f of degree g 16 such that x|xi = x(l)<^ 
for all X, C Z(t/). 

By Lemma 4.5 (c), let Ai be an extension of A to HX5F4, then Ai H " YsS3 is 
irreducible of degree [HX 5 S 3 : HX^} = £. These Ai ffXsS3 only depend on B 2 
and their restrictions to F±,F§. Hence, Lemma 4.4 (c), Lemma 4.3 (c) and Lemma 
4.2 (c), Xi U G Irr(U) of degree ^g- is denoted by x bi w & ' B2 where 64,65 G F5 and 

~" ~ 16 

£> 2 G {c 4 : c G F*}. Therefore, J-g has exactly ^fa- 1 ) irreducibles of degree 2g- 
such that x\xi = x(l)<f> for all X { C Z(J7). 

By the transitivity of the conjugate action of the maximal split torus To of 
the Chevalley group E s (q) on ®f!L 37 Irr(Xi) x , there are (q - l) 8 (g 3 + q 2 + q + §) 

characters x G of degree q 16 , and 25 ^ 9 4 ^ 1 ^ characters % G J-$ of degree ^g- 
such that x\xi = x(l)0a i; where a* G F*,37 < z < 43. The following diagram 
summarizes all the above arguments with their assumptions. 



H : A B5 ~° . HXsSt Bi = 



HX5S2 ■ 



B 5 ^0 



TT . 6 B , -82,-83,-85 

^ • X 9 16 



84^0 



s 3 = 



fc5,-B 2 ,-B 4 



X g 16 



X, 



83 ^0 

b5,-B 3 



HX5S3 

S 2 ^c 4 / \B 2 = c 4 G 




X g 16 



b4,bs,-B 2 



No: (<?-l)V (?-l)V (g-l) 8 <? 3(g-l) 8 /4 25(g - l) 8 /4 

Figure UE$(q): Summary on the branching rules of A. 
This gives the proof for the next theorem. 

Theorem 4.6. Let x G J~s- The following are true. 

(a) If x(l) = q 16 , then there exists t G To such that *x is an element of 

r b 5 ,B 2 ,B 3 65,-82 65 B n 
\Xql6 1 X g 16 ;X 9 16jXql6/- 
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(b) Ifx(l) = 9 16 /5, then there exists t G To such that l \ = x^i'e 5 ' 82 - 

5. All proofs. 

In all proofs, we use the following technique: 

(a) For all the decomposition of the commutator formula into product, we apply 
the formula [a, be] = [a, c][a,b] c . 

(b) For H < G and L < G, for each A G Irr{L), Stab G (\) := {xeG: x X = A}, 
and Stab G (X) C Stab G (X\ H ) =: A', hence, Stab G (X) = Stab K (X). 

(c) For K < G and H < G, to extend a linear character A of H to HK, we 
check if [HK, HK] c fcer(A). 

5.1. Proof of Proposition 1.3. Let a£F ? x . We are going to prove 1.3 (c). 
Since gcd(q — l,p) = 1, for each l»6F ? x , there is s G F* such that b = s p . We 

have b J 1, (t - ca) = s p Y[ c& (t - ca) = \[ c& (st - csa) G T so . Hence, F* acts 
on {T a : a e¥*} such that s p T a = T sa . We claim that bT a = T a iff b G F*. 

By (a), it is clear if b G F* . Suppose there exists b E ¥ g —¥ p such that bT a = T a . 
Since 6 G F q — F p , we have b = s p for some s G F q — F p . Hence, s p_1 7^ 1. By 
induction, we have T Q = bT a = b 2 T a = ... = b k T a for all k G N. Therefore, for each 
teV g ,t p - {as k ) p - 1 t G T a for all k G N. For each Z G N + , we have 

a P-i t(sP -i _ i)« = aP -H ELo f^V^C-i)' - * - ^(1 - 1)' 

= a p "^ELo n^V^C-l)'"* - * EU M^C- 1 )^ 
= - ELo(-l) ( - fe TEI^jEJT^ " («^r G T„. 
Since s^ 1 — 1 G F* , there exists Z G N x such that (s^ 1 - 1)' = 1. Therefore, 
a p -He T Q for all t G ¥ q . We have (t? - a^i) + a p_1 t = t p G T . This makes a 
contradiction since {t p : t G FJ = F (; > T a . So the claim holds. Thus F* /F* acts 
faithfully and transitively on {T a : a G F*}, and |{T a : a G F ? }| = 

It is easy to see that ker(j) a = kercj) ca for all c G F* since ¥ p = Z p and <p a {ku) = 
<j) a {u) k for all A; G N. Therefore, \{ker<j) a : a G F*}| = 

Since {ker<p a : a G F*} are all subgroups of index p in F g , {A;er0 a : a G F*} = 
{T a : a G F*}. Therefore, for each a G F*, there exists b G F* such that 6T a = 
ker<f>, and cMT a = fcer</> iff c G F* . □ 

5.2. Proof of Proposition 1.5. (a) Suppose y G Irr(N/Y,X), we are going to 
show that \ G S Irr(G) by showing that the inertia group Ig{x) = A. 

Since F C fcer(x) and Z C Z(A), we have x\zy = x(l)A. Since X C N G {ZY), 
for each x G X, 31 A G Irr(ZY). Hence, for any h / d £ I we have 

"xIzy = X(l) "A / x(l) "A = "xlzy, i.e. U X + V X- 
Therefore, x G X such that x x = X x = 1. Since A is a transversal of A in G, 
this shows that the inertia group I G (x) — A. 

The above argument also proves that for YijX2 G Irr(N/Y, A) and tt^uEX 
we have "xi 7^ U X2- So by the Mackey formula for the double coset N\G/N = G/N 
represented by A, we have 

(Xi G ,X2 G ) = (xi G k,X2) = £fxi,X2) = (X1,X2) = { I ^rwlsf 
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(b) It is enough to show that the induction map is surjective, i.e. for each 
£ G Irr(G, A) there exists x G Irr(N/Y, A) such that £ = \ G . 

Suppose £|jv = J2 Xi £S ai Xi where aj G N x and S C Irr(H). By Frobenious 
reciprocity, ^ (£, A G ) = (£|zy,A), there exists at least a constituent xo of £\n 
such that (xo\zy, A) 7^ 0, i.e. xo G /rr(JV, A). 

Since A|y = A(l)ly and (xo|y,A|y) > (xo|zy,A) > 0, we have xo is a constituent 
of 1 Y N . Since Y < N, all constituents of l Y N are Irr{N/Y). Therefore, xo G 
Irr(N/Y, A). By (a), xo G G Irr(G), hence it forces £ = xo G - □ 

5.3. Proofs of Sylow 2-subgroups of Z? 4 (2^). 

5.3.1. Proof of Lemma 2.2. Set A = X^MM for the whole proof - 

(a) First we show that Stabx(X) = 5*i24- Since v X(x) = X(x) iff X(x~ 1 x v ) = 
X([x,y}) = 1 and X S X 9 X 10 C Z(£T)> it suffices to check for [X 5 X 6 X 7 ,T]. For all 
U , G F g , we have 

[xh{h)x&{t&)x 7 {t 7 ), x 1 (s 1 )x 2 {s2)x i {s i )\ = xzihh+t^x^tjh+tst^xivit^+hti). 
Therefore, Xi(si)x 2 (s 2 )x4(s4) G StabT(X) iff for all t 5 ,t 6 ,t 7 G F 9 , 

1 = 0(a 8 (i 6 si + i 5 s 2 ) + a 9 (i 7 Si + i5«4) + a w (t 7 s 2 + t 6 S4,)) 
= Hh (asS2 + agSi) + t 6 (a 8 si + ai s 4 ) + t 7 (a 9 si + a w s 2 )) 
iff a 8 s 2 + a 9 s 4 = a 8 si + ai S4 = 09^1 + a w s 2 = 0, i.e. ^ = ^ = So 
StabriX) = S124. 

To find all scalar points of on A' 7 , since X3T is a transversal of H in 

[/ and [X3, X^XqX 7 ] = {I}, it is enough to find ones of X$XqX 7 on T, i.e. find 
x^xqx 7 G such that X([x5Xqx 7 , x 1X2X4]) = 1 for all X1X2X4 G T. Use above 

computation, for all Si G ¥ q , we need 

1 = 0(a 8 (t 6 si + £ 5 s 2 ) + a 9 (t 7 si + i 5 s 4 ) + a w (t 7 s 2 + t 6 s 4 )) 
= 0(si(a 8 t 6 + a 9 t 7 ) + s 2 (a$t 5 + a w t 7 ) + s 4 (a 9 i 5 + a w t 6 )) 

iff a 8 t 6 + a 9 t 7 = a s t 5 + «io*7 = 09^5 + ai t 6 = 0, i.e. ^- = £ = Hence, 
nl=5^(^) = W^) G ^567- So S 567 = {x G X 5 X 6 X 7 : A* 7 (2;) = A c/ (1)}. 

Now, to prove that X u \s 567 = q A (f)Ato7 it suffices to check that X(x56 7 (t)) = 
<f>Ato(t)- For each x 567 (t) = x 5 (a w t)x 6 (a 9 t)x 7 (a 8 t) G £ 5 67, we have 

X(x 567 (t)) = (f)(t(b 5 a w + b 6 a 9 + b 7 a 8 )) = cf>(tAto) = (f>At„(t). 

(b) We study Irr(U, A) by two following ways. Let K\ := FLXj,F\ 2 4 and K 2 := 
HS 12i F 3 . Since H = [U, U], it is clear that H^Kx < ?7. 

if 

/ \ 
HX 3 HSi 2 4 

I I 
K\ = HX 3 Fi 2 4 K 2 = HSi 2 4F 3 

\ / 
U 

Since HX3 is abelian, A extends to HX3 as 771 . By (a), S124 = Stabx{X), for all 
x G if, £124 G 5*124, A([x, X124]) = 1, hence A extends to HS\ 2 4 as r\ 2 . To show that 
A extends to K\ and K 2 , we prove that [K\, Ki] C ker(rji), [K 2 , K 2 ] C ker(j] 2 ). We 
have 
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[x3(ts),Xl(si)x2(s2)Xi(S4,)] = X 5 (sit^XQ {S2t3)x7(s4t 3 )x8 (siS 2 t 3 )xg {siS^Xio&Sih) , 
and X(x5(sit 3 )x 6 (s2t3)x7(s4 : t 3 )xs(siS2t3)x9(siS4 : t3)x W (s2Sit3)) 

= fiihihsi + b 6 s 2 + M4 + a 8Sis 2 + a 9 sis 4 + ai S2S4)) = (*)• 

Plug si — aiot, s 2 — agt, S4 = a%t into (*), we have 

(*) = 4>{h{t{haw + b 6 a 9 + Ms) + t 2 a 8 a 9 ai )) = <j)(t 3 At(t + t)). 

Now we divide into two cases where to = and to ^ 0. First, if to = 0, 4>(t3Ai 2 ) = 
1 for all t 3 iff t = 0, hence, Stab T (r)i) = {1} = F 12i , i-c Iu{m) = HX 3 . And 
4>{t 3 At 2 ) = for all t iff t 3 = 0, hence, Stabx 3 {m) = {1} = ^3, i-e. Iu{m) = HS 12i . 

If t ^ 0, then 0(t 3 At(t o + 1)) = 1 for all t 3 iff t G {0, t }. Therefore, [K U K X ] C 
kerX. For each 77 G Irr(HX 3 , A), Stabrir)) = {1, £i24(to)} = -Fm- 

We have 0(t 3 ^4t(t o +t)) = 1 for all t iff t 3 G {0, %j^}, by Proposition 1.3. Hence, 
[K 2 ,K 2 ] C ker(X). For each 7 G Irr(HS 12i , A), Sta6 X3 ( 7 ) = {l,^^)} = F 3 . 

So A extends to Ki and i^- For each Xi G Irr(Ki, A), lu(Xi) = Ki, i = 1,2. 

(c) Let Ai,A2 be extensions of A to K\. Let 77 be an extension of A to K 2 . By 
(b), we have Xi , X 2 U , rf G Irr{U, A). 

We choose 1 G S c T as a representative set of the double coset K{\U / K 2 , by 
Mackey formula, since K\ n -K2 = HF3F124 and ifi < [/, we have 

(Ai C/ ,77' 7 ) = I] seS ( ; ''Ai| i! K 1 nif 2 ,??|»K 1 n/f 2 ) 

= J2ses( S ^\HF 3 F 12 4,V\HF 3 F 124 )- 

For each s G S, if s Ai |_f/f 3 Fi 2 4 = 7 ?|i?F 3 Fi 2 4i then s Ai|h = ii\h- Since both are 
extensions of A from H, we have S A = A, i.e. s G StabxiX) = S124. There is 
unique s = 1 G S fl 5124 since £ is a representative set of Ki\U/I<2- Therefore, 
(Ai' 7 ^' 7 ) = (Ai| ffF3Fl24 , 772|ffF3F 124 ) = 1 iff Ai| Fi = r)\Fi,i G {124,3}. 

So X! U = rf J = X 2 U G Irr{U,X) iff Ai| Fi = X 2 \ Fi ,i G {124,3}. □ 

It is remarked that since K±, K 2 <U, the double coset Ki\U /K 2 equals U/K\K 2 = 
U / HX3Si 2 4. Hence, we can pick above S = XiX 2 as a transversal of U jK\K 2 . 

5.3.2. Proof of Theorem 2.3. Fix a 8 ,a 9 , «io G F* and set A = X^£" for some 
bj G ¥ q in the whole proof. By Lemma 2.2 and using the same notations, we 
mainly find the generic character values: in (a) Xg^io"™ = Vi U where t = 0, and 

in (b) x^J 8 ^' 08 * " 010 = m U where 6i 24 ,& 3 G F 2 , t G F*. 

(a) Suppose to = and -F124 = {!}• Call 77 an extension of A to HX3. By Lemma 
2.2 (b), Iu(r]) = HX 3 . Therefore, if G Irr(U) and 7^(1) = q 3 . By Lemma 2.2 
(a), S 5 e r X s X 9 X w C Z{rf), hence \rf{x)\ = q 3 for all x G S 56 7X S X 9 X 10 . We 
have \S5e7XsXgXio\q 3 q 3 = q 1Q = \U\. By the scalar product (tj u ,r/ u ) = 1, it forces 
rj u (x) = if x ^ 5567^8^9X10. So we have the formula as stated. 

(b) Suppose to 7^ 0, and |F 3 | = |Fi 2 4| = 2. By Lemma 2.2 (b), let 771,772 be 
extensions of A to K\ :~ HX3F124 and K2 ■= HS124F3 respectively such that 
?/i|f = ?72|f = <t>b-, where bi G F2, i G {124,3}. By the proof of Lemma 2.2 (c), 
Vi U = V2 U - ' 

We choose V C T as a transversal of K\ in U, and IgSc AT 3 such that SXiX 2 
is a transversal of K 2 in [/, so \S\ = q/2. Since i^! < U, we have '?i C/ (]~Ii=i x %) = 
J2x£V ^^idll^i x i) = if X1X2X4 £ K\. Since T is abelian, [x, y] = 1 for all x E V 
and y G -Fi24- Therefore, F124 G ^(771^) and we have 
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Since K 2 < U, we have r)2 U {xs Ulls x i) = J2xgSX 1 x 2 x m(x 3 x i) = if 
x 3 F 3 . Since X%X 9 X\ 9 C Z(U), we need to compute the two following cases: 

V2 U (lfi=5 X i) and V2 U (X 3 nl=5 X i) with ^3 6 ■ 

Since [X 3 ,X 5 X 6 X 7 ] = {1}, we have t] 2 u (x 5 x 6 x 7 ) = J2 x£ sx 1 x 2 X ' l l2(x5X6X 7 ) = 
2^x 1 x 2 ex 1 x 2 x m{ x hXf>x 7 ). Since (x 5 x 6 x 7 ) XlX2 = x 5 x e x 7 [x 5 ,X2][x 6 ,x 1 }[x 7 ,x 1 )[x 7 ,x 2 ], 
plug in X5(t^)xe(te)x 7 (t 7 ) and x\{si)x 2 {s 2 ), we have 

= 2 S SljS2 ?72(a;5(i5)a;6(i6)2:7(i7)a;8(i5S2 + ^^(Mi^io^^)) 

= f %(^5(^)a;6(*6)a;7(*7)) E Sl , S2 H a s( t 5S2 + t 6 Si) + a 9 t 7 s 1 + a w t 7 s 2 ) 

= iV2(x 5 (t 5 )x 6 (t 6 )x 7 (t 7 ))J2 Sl ^ S2 <f>(si(a s t 6 + a g t 7 ) + s 2 (a 8 t 5 + a 1Q t 7 )). 

Since X)*gf = ^' ^° obtain non-zero values, it forces agte + a 9 t 7 = and 
a 8 t 5 + a w t 7 = 0. Hence, ^ = & = ^, and IlLs 2 ^) = x 56?(^) G By 
Lemma 2.2 (a), we have 

^^dlLs X l(tl)) = <Ws, 010*7^08*6,09*7 ^" ^2 (^567 ( ^ ) ) 
= ^Ogts, 010*7^08*6, 9 t7^" ( / , (^o||)- 

Therefore, r^dl^i *<(*<)) = £ 0(&124^ +^o| +E'£ 8 if 111=1 *,(*<) G 
fi24<S , 567^"8^'9^"io = as stated in the theorem. 

Now we compute rj 2 u (x 3 ]J 7 i=5 Xi) with x 3 e F 3 X = {^(ip)} where = i^i. 
Since Iufa) = K 2 <U and SX1X2 is a representative set of U / K 2l ( x rj2) U = f]2 U S 
Irr{U) for all a; 6 For each X2(s) £ X 2 , we have 

X2(s) T72 (s 8 (*)) = i»(a:6(*)»8(t*)) = <f>(ht + a 8 ts) = </>(t(b B + a s s)). 
So instead of choosing s = we suppose that 772 has 65 = 0, i.e. 772(^5) = 1 for all 
X5 e X5. It is easy to check that to, T] 2 \f 12 4 = 06124 an d t }2\f 3 = 0fc 3 ar c invariant 
under this conjugate action. 

We have [x 3 (t 3 )x 5 (t 5 )x 6 (t 6 )x 7 (t 7 ), x 1 (s 1 )x 2 (s 2 )] 
= x 3 {t 3 )x 5 (t 5 + i 3 si)x 6 (i 6 + t 3 s 2 )x 7 (t 7 )x s (t 3 s 1 s 2 + t 5 s 2 + t 6 s 1 )x 9 (t 7 s 1 )x 10 (t 7 s 2 )- 
Therefore, 

V2 V (x 3 (t 3 )x 5 (t 5 )x 6 (t 6 )x 7 (t 7 )) = J2xesx 1 x 2 x m( x 3( t 3)x 5 (t5)xe(t e )x 7 (t 7 )) 
= 2 T,xex 1 x 2 x V2(x 3 (t 3 )x 5 (t 5 )x 6 (t 6 )x 7 (t 7 )) 

= 2 S S i, S2 V2 {x 3 (t 3 )x 5 (t 5 + t 3 si)x 6 (t 6 + t 3 s 2 )x 7 (t 7 )x s (t 3 s 1 s 2 + t 5 s 2 + t 6 si)x 9 (t 7 si)x 10 (t 7 s 2 )) 

= iV2(x 3 (t 3 ) nj = 5 2 Sl ,s 2 4>(hhS2 + a 8 (* t 3 SlS2 + *gS2 + t6«l) + a 9 t 7 Sl + aio^ 7 S2) 

= 2 L m{x3{t 3 )xs{h)x 7 {t 7 )) J2 Sl ,s 2 0( s i(a8*3S2 + as*6 + 09*7) + s 2 {b 6 t 3 + aio^7 + a 8 t 5 )). 
Set C(t 5 ,te,t 7 ) = J2 Sl ,s 2 <P(si{a a t 3 s 2 + a s t 6 + a 9 t 7 ) + s 2 (b 6 t 3 + a w t 7 + a 8 i 5 )). 
We have 

C(h,t 6 ,0) = J2 Sl .s 2 <P(si(t 3 s 2 + t e )a 8 + s 2 (b 6 t 3 + a 8 t 5 )) 

= 9E S2 = ||<Hff(M3 + a8i5)) 

Therefore, we get 

Since x 5 (t B )x 6 (t 6 )x 7 (t 7 ) = x 5 (t 6 + ^ )i 8 (*6 + ^ )^567 ( 7^) , where x 5 67 ( ^ ) = 
x 5 (a w ^-)x 6 (a 9 ^-)x 7 (a s ^-) e S X2A C Z(r] 2 u ) and ??2(^567(|r)) = ^Ato(^). we have 
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V2 U (x 3 {t 3 )x 5 (t 5 )x 6 (t 6 )x 7 (t 7 )) = ^a^)^ ' (x 3 (t 3 )x 5 (t 5 + ^)x 6 (t 6 + eg-)) 

= <P(At %)£ m (x 3 (t 3 ))^(t 5 + ^)(t 6 + eg.)) 
= £ *(Ms + Ato* + ^ {t5 + + 
= ^{b 3 tt + At ± + + + £)). □ 

5.4. Proof of Sylow 3-subgroups of Eq(3^). 

5.4.1. Proof of Lemma 3.2. Set A = Aj^^ 14 ' 615 ' 616 for the whole proof. 

(a) Recall H 3 = 0i=i2 Xi^ H is elementary abelian and HaM 3 <! U. First, we 
show that R 3 = {x G ff 3 : \X U (x)\ = X u (1)} and A l/ (r 3 (t)) = q 8 (j> B A t ) for a11 
r 3 (t) G i? 3 - 

Since A is linear and A(a;) G C for all x G H, by the induction formula, we have 
\X u {x)\ = X U {1) iff y X(x) = X(x) for all y G TA 4 which is a transversal of # in 
£/. Since y A(a;) = X(x) iff A([x,j/]) = 1, we are going to find all x G H 3 such that 
X{[x,y\) = 1 for all y G TA 4 . It is clear that pQ,Xi] = {1} = [X h X 7 X n ] for all 
12 < i < 16. Here, we write J\j=i x i( u j) 7 1 with M4 = 0, it suffices to check for 
all y = Yij=i x j( u j) G 7 1 . For ij, Uj G F g , we have 

UIi=12 ^iC**)^ IIi=l ^jC'Uj)] = 

[xi2(ti2),X2(u2)] [xisihs), X2(u2)][xi6(tw), X2(v<2)][xi 3 (ti 3 ), xi(ui)] 

[xi5(tls),Xl(ui)] [x 14 ,(tu), X3(u 3 )][xi 6 (t 16 ),X3{u 3 )][xi2(t 12 ), X 5 (u 5 )} 

[xi 3 {ti 3 ),x 5 (u 5 )} [xuitM], x 6 (u 6 )][x 15 (t 15 ), x 6 (u 6 )} 

= xir(-ti 2 u 2 )xi 9 (~ti 5 u2)x2o(-ti6U 2 )xi 7 (-ti 3 ui)xi S (-ti 5 ui)xi 9 (-ti4u 3 ) 

X2l(~t 16 U 3 )x 18 (t 12 U 5 )x 19 (t 13 U 5 )x2o(tl4U 6 )x2l(tl 5 U 6 ) 

Since X(xi(t)) = <j>(t), 17 < i < 21, for all Uj G ¥ q it forces 

(—tl2 —tlS — tie)U2 + (— tl3 — *15)U1 + (— tl4 — il6)«3 + (tl2 + il3)«5 + (tl4 + *15)u6 = 0. 

So we have a system with variables tf. 

—ti2 — ii5 — tie =0 

-*13 - *16 = 

-ti4 - tie =0 
*12 + iis = 

*14 + tig = 

Since gcd(g, 3) = 3, we have ti2 = tie = ii5i £13 = £14 = —tig for all tis = t G W q . 
So x G H 3 satisfies |A^(a;)| = X u (1) iff x = xi2(t)xi 3 (— t)xi4,(— t)xi5(t)xie(t) = 
r 3 (t) G R 3 for * G F„ i.e. R 3 = {x G H 3 : \X u (x)\ = X u (l)}. 

By the above computation, to show that X u \r 3 = X u (1)4>b 3 , it is enough to 
check that X(r 3 (t) = (j>B 3 (t). For each r 3 (t) G R 3 , we have 

X(r 3 (t)) = (f>(t{b 12 - 613 - 614 + &15 + bw)) = (f> Bs (t). 

Now we show that Si = Stab T {X\ Hi H 3 )- Since [H 4 ,T] = [H 3 ,X 7 X n ] = {!}, it 
suffices to find y G X 2 X 1 X 3 X 5 X 6 such that X{[x,y]) = 1 for all x C H 3 . Using the 

above computation of [Jll=i2 x i(ti), FIj=i x j( u j)]> f° r a ^ tj G F g it forces 

(—162 + U5)£l2 + {—Ui+U 5 )ti 3 + (-U 3 + U6)tl4 + (ui + U 2 - lte)*15 + (-"2 - "3^16 = 0. 

So we have a system with variables Uj : 
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-u 2 


■f "5 


= 


-ui 


■f "5 


= 


-u 3 


+" "6 


= 


- u 2 


+" "6 


= 


-U-2 


- "3 


= 



Since gcd(g, 3) = 3, we have u\ = u§ = u%, u 3 = uq = —U2 for all U2 = t £ F g . 
So Y[ 6 j=i x j( u j) = x 2 (t)x 1 (t)x 3 (-t)x 5 (t)x 6 (-t) = si(i) £ Si. 

(b) Since H = Z(U)H 3 X 8 X 9 X W , to find Stab T (X) C Stabr(X\H A H s ) = Si, by 
(a), it is enough to find si £ Si such that S1 X(xi) = X(xi) for i = 8, 9, 10. Again, 
for each Xi(£i) £ Xi, i = 8,9, 10 and si = si(t,r,s) £ Si, we compute [xi,s{\ 

[x S (t S ),Si] = X 2 o(t8s)xi 7 (-tsr)xi4,(tst)x2o(-tst 2 )xi 3 (tst)Xig(tst 2 ). 

[xg(tg),Si] = X2l(t 9 s)xi 5 (t 9 t)x 2 l(-tgt 2 )xi 2 (-t 9 t)xis(-t 9 t' 2 )xi3(-t 9 t)xig(-t 9 t' 2 )x 17 (t 9 t 2 ). 

[xio(iio), si] = xi S (-ti r)xi 6 (-t 1 ot)xi 5 (t w t)x 2 i(-t w t 2 )xi4(-t w t)x 2 o(t 1 ot 2 )xi 9 (-tiot 2 ) 

Since A(x 4 (i)) = </>(M), 12 < i < 16 and A(x l (t)) = 0(t),17 < i < 21, from 
A([x 9 (t 9 ),si]) = A([xio(<io),si]) = 1 for all i 9 ,i 10 e F g , we have 

s = 2t 2 + b\ 2 t + b\ 3 t — bi 5 t and r = 2t 2 — but + b\$t — biet. 

From A([x 8 (i 8 ), Si]) = 1 for all t 8 £ F 9 , we have s — r + b 14 £ + b u t = 0. Therefore, 
si £ Stabr(X) iff r, s as above and 

s - r + &u* + h 3 t = 2t 2 + but + b l3 t - b 15 t - (2t 2 - but + b 15 t - b 16 t) + but + b 13 t 
= t{b 12 - b 13 - 614 + 615 + &ie) 
= tB 3 = 0. 

Therefore, if B 3 ^ 0, then Stab T {X) = {1}. 

(c) By (a), T/ Si acts faithfully on the set of all extensions of X\h 4 to H 4 H 3 with 
the same B 3 . Since \T/S\\ = q 4 = \H 3 /R 3 \, this action is transitive. Therefore, 
with B 3 = 0, there exists x £ T such that ^A = A b ; ' b ,' b ', for some b' 8 , b' g , b' w £ ¥ q . 

Now set A = X b ' s b g 'b' w ' arLC ^ ^3 ^ s the normal closure of H 3 in HX4S1. To show 
that IZ3 C ker(X HXiSl ) < HX 4 Si, it suffices to show that H 3 C ker(X HXiSl ). By 
(a) StabTx i {X\H lL H z ) = S1X4 which is a transversal of H in HX4S1, the claim holds 
by the induction formula and H 3 C ker(X). 

By Lemma 1.5 for G = U with N = M = HX4S1, X = X!X 3 X 5 X 6 , Y = H3 
and Z = Hi, the induction map from Irr(HX/iSi/ H 3 , A) to Irr(U, A) is bijective. 
Since C \ HXiSl , Irr(HX 4 S 1 /~H 3 ~, A) = Irr{HX 4 Si, A). □ 

5.4.2. Proof of Lemma 3.3. Recall P 2 = {r 2 (i) := x 8 (-t)x 9 (t)xi (t) : < £ FJ < 
i?2 = AgXgXio and A = A 6 ^ i, g 'b[ - By Lemma 3.2 (c), it suffices to work with the 
quotient group HX4S1/ H 3 . 

(a) The fact S2 = Siabs^A) comes directly from Lemma 3.2 (b) with B 3 = 0. 
Since X4S1 is a transversal of H in HX4S1 and = {1}, to show P2 = 

{x £ H 2 : \X HXiSl (x)\ = X HXiSl (l)} we are going to find all x £ H 2 such that 
X([x, y]) = 1 for all y £ Si. Since H < HX4S1 is abclian, using the computation in 
Lemma 3.2 (b), for si(t, r, s) € £1 and ajg(i8)a; 9 (t 9 )a;io(tiO) £ H 2 we have 

[o: 8 (i 8 )x 9 (t 9 )xio(iio), si(t, r, s)] 

= [x 8 (t 8 ), si(t, r, s)][x 9 (i 9 ), si(i, r, s)][xi O (ii0), si(t, r, s)] 

= X2o(tss)xi 7 (~t 8 r)x 2Q (-t 8 t 2 )xig(tst 2 )x2l(t 9 s)x2l(~tgt 2 )xis(-t 9 t 2 )xig(~t 9 t 2 ) 
X 17 (tgt 2 )x 18 (-t 10 r)x2l{-t 10 t 2 )x2o{tlot 2 )xig{-t 1 ot 2 ) 
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Therefore, with X\x t = <f> for all 17 < i < 21, for all t,r,s G F g we need 

(t s + t 9 )s - (t 8 + t w )r + (t 9 - t 10 )t 2 = 

So tg = tio = u and ts = —u for all u G F g , i.e. a; = r 2 (u) G R 2 . 

To show that \ HXiSi \r 2 = \ HXlSl (l)<f)B 2 , it is enough to check that A(r 2 (t)) = 
</>b 2 (<:) . For each r 2 (t) G R 2 we have 

A(r 2 (i)) = 0(t(-6 8 + 69 + 610)) = ^(t). 

(b) Suppose that B 2 ^ {c 2 : c £ F*}. Let 77 be an extension of A to HX4. 
By (a) that S 2 = Stabs 1 (X), hence Stabs 1 (r]\H) = S 2 . Since Si is a tranversal of 
HX4 in HX4S1, to find Stabs^rf), it is enough to find all s 2 (i) G S 2 such that 
?7 ( [X4 , s 2 (t)]) = 1 for all x 4 G X 4 . For each s 2 (t) G 5 2 , we have 

[X4(t4),s 2 (t)] = Xi (t 4 t)x 9 (t 4 t)x 2 i{2t 4 t 3 )x 2 i(~t 4 t 3 )x S ,(-t 4 t) 

x 2 o(-2t i t 3 )xir(2Ut 3 )x 2 o{Ut 3 )xi 9 (-t i t 3 ). 

Since r)(xi(t)) = 4>{bit), 8 < z < 10 and r)(xi(t)) = (f>(t), 17 < i < 21, for all t 4 G F 9 , 
i7([a?4(*4),S3(t)]) = 1 forces 

t 4 (t 3 - B 2 t) = U(t 3 - B 2 rj) G ker4>. 

Since 7j 4 (t 3 - B 2 rj) G ker<j> for all i 4 G ¥ q , we have = t 3 - B 2 t = t(t 2 - B 2 ). 
Since B 2 £ {c 2 : c G F*}, the equation t(t 2 — B 2 ) =0 only has trivial solution £ = 
in Fg. Therefore, s 2 (t) = 1, i.e. Stabs 1 (rj) = {1}. Hence, IhXisAv) = HX4. 

(c) Suppose B 2 = c 2 G F* and let 77 be an extension of A to HX4. Using the 
computation in (b), we continue with the analysis for the solutions of t to obtain 
t 4 t(t 2 - B 2 ) G here/) for all t 4 G ¥ q . So it forces t(t 2 - B 2 ) = 0. This equation has 3 
solutions {0, ±c}. Hence, Stabsiiv) = {1, s 2 (±c)} = F 2 . So InXiSiiv) = HX4F2. 
By the above argument, [HX4F 2 , HX 4 F 2 ] C ker(rf), hence 77 extends to -TftxiSi (??)■ 

To show that A extends to HF 4 S 2 , we check [i?F 4 5 2 , HF 4 S 2 ] C fcer(A). With the 
same argument, it is enough to check that [s 2 (i), x 4 (i 4 )] G kerX. By the computation 
in (b), we need i 4 (t 3 - B 2 t) = t 4 (t 3 ~ c 2 t) G kercj) for all £ G ¥ q . By Proposition 1.3, 
since t 4 G {0, ±c^}, the claim holds. 

Let Ai, A 2 be two extensions of A to HX 4 F 2 , and 7 an extension of A to HF 4 S 2 . 
Since the degree of all irreducible constituents of X HXiSl is 3-^ we have Xi HXiSl , 
\ 2 HXiSl , 7 H ^ Sl g Irr{HX 4 Si,X). 

Choose 1 G S c Si as a representative set of the double coset HF 4 S 2 \HX 4 Si/HX 4 F 2 . 
Since HF 4 S 2 n HX4F2 = HF 4 F 2 and FX4.F2 < ffXtSi, by Mackey formula, 

= £ s es( S ^l|tfF4F2,7|ffF4-F 2 ) 

For each s G S, if s Ai|ffF 4 F 2 = 7|i/F 4 F 2 : then s Xi\h = i\h- Since both are 
extensions of A, we have S X = A, i.e. s G Stabs 1 (X) = S 2 . There is unique 1 G SCiS 2 
since S is a representative set of if F 4 S 2 \HX 4 Si/HX 4 F 2 . So (X^X'Si ^HXtS^ = 
(Ai|_h-f 4 F2,7|-H"f 4 f 2 ) = 1 iff Ai| Fi = 7|jiv,i G {2,4}. 

Therefore, Xi HXiSl = 7 HX ^ = X 2 HXiSl iff Ai| Fi = A 2 |_p i ,i G {2,4}. □ 



5.5. Proofs of Sylow 5-subgroups of Eg (5^). 
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5.5.1. Proof of Lemma 4-2- (a) First we find all x G H§ such that \X U (x)\ = X u (l). 
Since TX$ is a transversal of H in U, [H^^X^] = {1} = [H^,Tk] for all k > 2, and 
v X(x) = X(x) iff A([x, y]) = 1, it suffices to find all x G such that A([y,x]) = 1 
where y € T\. For each y = Y[i x i( u i) S Ti with M5 = 0, and x = Y[j= 3 a x i( v j) e 
i?5, to write shortly for the decomposition we write Xj = Xj(— ) and plug in the 
parameters in (— ) latter, we have 

[0^30 III X iK)] = [^O,^] [X30,X 6 ][X31,X 2 ][X31,X 7 ][X3 2 ,XX][X32,X 6 ][X33,X1] 

[X33 , X 4 ] [X33 , X7] [X34 , X 3 ] [X34 , X 8 ] [x 35 , X 2 ] [x 35 , Xi] [x 35 , X 8 ] [x 36 , X 2 ] [x 36 , X 3 ] 

= X 3 7(-W 3 0-U4)x 38 (w 3 0W6)x 3 8(-W 3 lU2)x 39 (w 3 i-U 7 )x 37 (-?; 3 2Ui)x40(w 3 2'«6)x38(-"33Wl) 

X40(-W33W4)x4l(w33W7)x4l(-V34U3)x42(w34W8)x4l(-V35W2)x 39 (-U 3 5Ul)x4 3 (v 3 5U8) 

X42 ( ~ "36 U 2 ) X43 ( ~ "36 "3 ) • 

Since X\x t = 4> for all i G [37.. 43], for all Sj we need 
(-W31 - v 35 - v 36 )u 2 + (-V32 - v 33 - v 35 )ui + (-U34 - "36^3 + (-W30 - "33)^4 + 

("30 + "32)^6 + ("31 + "33)^7 + ("34 + "35)^8 = 0. 

Therefore, we obtain a system with variables Vi as follows. 



-"31 


- "35 


- "36 


= 


-"32 


- "33 


- "35 


= 




-"34 


- "36 


= 


< 


-"30 


- "33 


= 




"30 


+ "32 


= 




"31 


+ "33 


= 




"34 


+ "35 


= 



Since gcd(g, 5) = 5, ("30, "31, "32, "33, "34, "35, "36) = (v,v,-v,-v,-2v,2v,2v) 
for all v e W q . Hence, x = r 5 (v) G R 5 , i.e. i? 5 = {x G H 5 : \X U (x)\ = X u (l)}. 

To show that X u \b^ = X u (l)(f>B 5 , it suffices to check that X(r 5 (v)) = (f>B 5 (v). For 
each r§(v) G R5, we have 

X(r 5 {v)) = (f)(v(b 30 + b 3 i - b 32 - 6 33 - 26 34 + 2fc 35 + 26 36 )) = (/) Bs ("). 

To show that Si = StabT(X\H 6 H 5 ), we find all y S T such that X([x,y]) = 1 for 
all x G H 6 H 5 . Since H 6 = Z(U) and [H 5 ,T k ] = {1} for all k > 2, it is enough to 
find y G T\ such that A([x, y]) = 1 for all x G H5. Using the above computation of 
[rij= 3 o x i( v j)y Eli x i( u i)]y we nn d Ui such that for all Vj : 

(-u 4 + w 6 )" 3 o + (-U2 + u 7 )v 3 i + (-ui + u 6 )v 32 + (-ui - Ui + u 7 )v 33 + (-u 3 + 

Us)V 3 4, + (-U 2 -Ui + M 8 )"35 + (~U 2 - W3)"36 = 0. 

Therefore, we obtain a system with variables Ui as follows. 

— u 4 + ua =0 
—u 2 + u 7 =0 
— ui + u 6 =0 

< — Ul — U4 + u 7 =0 

-u 3 + u 8 =0 
— U2 - ui + u 8 =0 

-U2 ~U 3 =0. 

Since gcd(g, 5) = 5, we have (u 2 , u\, u 3 , U4, u§, u 7l wg) = (2u, u, —2u, u, u, 2u, — 2u) 
for all u G F q . So y = li(u) G L\, i.e. Si = Stabr(X\H fi H 5 )- 

(b) Suppose i?5 7^ 0. To show that Stabr(X) = {1}, we are going to show that 
Stabs^XlHeHsHi) = T3T4, Stab T3Tjl (X\ H6H5HiH3 ) = T 4 and Stab Ti (X) = {!}. 
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First, we show that Stabs 1 (X\H e H 5 H 1 ) = T 3 T 4 . By the root heights, it is clear 
that [H 6 H 5 H 4 ,T 3 T 4 ] = {1}, hence, T3T4 C Stab Sl (\\ h 6 h 5 h 4 )- It suffices to show 
that 5ta&LiT 2 (A|i/ 6 ff 5 ff 4 ) = {1}, i.e. there is no nontrivial y E L\T 2 such that 
X([h,y}) = 1 for all h E H 5 H 4 . For each y = n»=i x i( u i) e LiT 2 (with m 5 



U12 



U13 = and Yli=i x i{ u i) = h(u)), and h = n?=24 x j( v j) e H 5 H 4 , we have 
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X27,X 15 ] [x 2 7, Zio] [£29,2:11. 



= [2:24, X10] [x 24 , X14] [x2B,Xu] [x 2 6, X15] [x 2 6, Xg] [x 26 , Xu] 
X 24 , X 2 ] [[x 2 4, 2:2] , X 6 ] [[X 2 4, X 2 ], X 4 ] [x 24 , X 6 ] [[x 2 4, X 6 ] , X 7 ] 
X25, Xl] [[X 25 , Xi] , X 4 ] [[X 25 , Xl] , X 6 ] [CC25 , X 4 ] [[x 25 , £4] ! £6] [X25 , X 6 ] [[x 25 , X 6 ] , X 7 ] [x 2 6, X 3 ] 
[X26, £3] , £4] [[£26 , £3] , £7] [£26 , £7] [[X26 , X 7 ] , £g] [x 2 7, £2] [[£27, £2] , £l] [[£27, £2] , £4] 
[X27, £2] , £7] [X27, £l] [[£27, £l], £7] [£27, £7] [[£27, £7], X S ] [x 28 , X 2 ] [[x 28 , £2] , £3] 
[x 2s , X 2 ] , Xg] [x 2s , X 3 ] [[x 28 , £3] , Xg] [£28 , £8] [£29 , £4] 
= X37(W24W10)X39(«24U14)X41(W25W14)X42(W26"15)X38(-W26W9)£40(W26'"11)£43(W27"15) 
X 4 o(v 2 7U 10 )x 39 (-V 2S U 9 )x 42 (~V 29 U 10 )x 43 (~V 29 Uu)x 30 (~2v 24 u)x 3s (''2v 24 U 2 )x 37 (2v 24 U 2 ) 

X3i(w24m)£39(«242u 2 )x3o(-1'25'")x37(i'25'" 2 )x38(-W25W 2 )x32(-W25w)x4o(-«25W 2 )x33(w25w) 
X4l(2w25M 2 )X33(2W26M)x40(-2f26" 2 )x4l(4t;26W 2 )x34(2w26M)x42(-4u26'" 2 )x33(-2i;27M) 
X38(2W27M 2 )X40(2W27W 2 )X41(-4U27U 2 )£31(-W27U)£39(-2W 2 7M 2 )£35(W272U)X43(-4W27U 2 ) 
£34(-2w28M)£4l(-4u 2 8W 2 )£42(4i;28M 2 )£35(2f28u)£43(-4w28M 2 )£36(-W282u)£36(-«29u). 

Since X\x t = <t> for all i G [37. .43] and X\x t = 4>bi for the others, after evaluating 
the above with A to get 1, for all Vj, we need 

«24(uio + "i4 -26 3 ou + 6 3 iu + 2u 2 ) +v 2 s(uu ~ b 30 u - b 32 u + b 33 u + u 2 ) +v 26 (ui 5 - 
u 9 + u\\ + 2b 33 u - 2u 2 + 2b 34 u) + v 27 (ui 5 + u 10 - 2b 33 u - b 31 u + 2b 35 u — u 2 ) + 



v 2 b{-u 9 ~ 26 3 4ti + 26 35 u + u 2 - 2b 3e u) + v 29 (-u w - u u 
Hence, we have a system with variables Ui and u : 



^36") = 0. 



uio + "14 - 26 30 u H 


- 631U + 2u 2 


= 


"14 - b 3Q u - b 32 u 


+ 633M + u 2 


= 


«15 ~Ug+ Uu + 2b 33 u - 


2u 2 + 2b 34 u 


= 


"15 + «io - 2b 33 u - 6 3 iu ^ 


- 2635U — u 2 


= 


— uq - 2634U + 2635M ^ 


- u 2 - 2b 36 u 


= 


-"10 - 


- uu - b 36 u 


= 



It is equivalent to: 



u 9 = u" + (3& 34 + 26 35 + 3b 3e )u, 
«io = -u 2 + (b 30 - b 3 i - b 32 + b 33 )u, 
Uu = u 2 + (-630 + 631 + &32 - ^33 - ^36 
«i4 = -u 2 + (b 30 + b 32 - b 33 )u, 
u 15 = 2u 2 + (-630 + 26 3 i + 632 + &33 + 36 35 )u, 
(^30 + b 3 i - b 32 - b 33 - 26 34 + 2& 35 + 2b 36 )u = 0. 

The last equation is actually B$u = 0. Since B§ 7^ 0, we have u = and u 9 = 
uio = u n = "14 = U15 = 0, i.e. StabL t T 2 (Mh 6 h s h 4 ) = Stab Tl T 2 (A|jj 6 i? 5 i? 4 ) = {1}. 

Thus T1T2 acts faithfully on the set of all extensions of X\h 6 to HqH§H 4 with 
the same B$ ^ 0, which is invariant under the action of T, i.e. -Bs(A) = ^(^A) for 
all x E T. Since \H 5 H 4 /R 5 \ = q 12 = | Ti T 2 1 , this action is transitive. Therefore, we 
choose X\xi = 4> f° r au * S [37. .43], A|j5f 3e = 4>b s /2, and X\x { = lx ; for the others 
Xi C H 5 H 4 . By the root heights, we have R 5 ^=37 Xi C Z(HX 5 T 4 T 3 ), HX 5 T 4 T 3 < 
U and #4lli=3o^ < HX 5 T 4 T 3 . By Lemma 1.5 for G = U with N = M = 
HX 5 T 3 T 4 , X = TiT 2 , Z = H 6 R 5 and Y = H 4 Y^ 3Q X h the induction map from 
Irr(HX 5 T 4 T 3 /Y,X) to Irr(U,X) is bijective. Since X b T 4 T 3 = Stabx 5T (X\ H(iH5Hi ) 
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is a transversal of H in HX 5 T 4 T 3 , we have \ HX ^ T ^\ Y = [HX 5 T 4 T 3 : H]X\ Y = 
\X 5 T 4 T 3 \l Y . Hence, Irr(HX 5 T 4 T 3 /Y, A) = Irr(HX 5 T 4 T 3 , A). 

Now we find Stab T4T3 (X\ H6HroHiH3 ). Since [H 6 H 5 H4H 3 , T3T4] = [#3,23], we find 
77 £ T 3 such that A([x, 77]) = 1 for all x £ For each 77 = -_ 16 17 22 Xj(uj) £ T3 

and x = 0i=i8 x i( v i) ^ #3 we have 

[2,2/] = [Zis, Xi 6 ] [Xi 8 , X 22 ] [Xig, X 22 ] [x 20 , X n ] [x 20 , X 16 ][x 2 l, X 17 ] 

= X 37 {v 1S U 16 )x 4 2(v 18 U22)x4 3 (v lg U22)x40{~V20Un)x 39 {-V2lU 16 )x 41 (-V2lU 17 ). 

Since A|x ; = 4* for all i £ [37.. 43], for all Wj we need 

Wis(wi6 + "22) + Wl9«22 - «20"17 + «2l(-Wl7 - "16) = 0. 

The only solution is (u 16 , W17, "22) = (0,0,0), i.e. Stab Ti T 3 (MH e H 5 H i H 3 ) = T A . 

Next, we find StabT 4 {\)- Since [H, T 4 ] = [iJ 2 ,?4], we find y E T 4 such that 
A([x, y]) = 1 for all x £ ff 2 - For each 77 = x 23 (u 2 3) G ^4 and x = x 12 (wi2)xi3(ui 3 ) £ 
H 2 we have 

[xi2(wi2)2Cl3(«13),aC23(w23)] = [^12 , £23] [^13 , ^23] = X 37 (-V 12 U2 3 )x 3 $(-Vi 3 U2 3 ) ■ 

Evaluate with A, for all Vi we need (— v±2 — ^13)1*23 = 0. Therefore, the only solution 
is u 2 3 = 0, i.e. StabT 4 (X) — {1}. So we finish the proof of Stabr(X) = {1}- 

Let 77,77' be two extensions of X\h 6 h 5 h 4 to HX5. By the bijection of the induc- 
tion map from Irr(HX 5 T 4 T 3 , A) to Irr(U, A), it suffices to show that <q HX 5 T * T 3 = 
^/hx 5 t 4 t 3 -g- ^| _ f or j — 2,3 and i]\x 5 = v'\x 5 - By the Mackey formula for 
the double coset HX 5 \HX 5 T 4 T 3 /HX 5 = HX 5 T 4 T 3 /HX 5 represented by T 4 T 3 we 
have 

{jf X 5 T 4 T 3 ^HX 5 T 4 T 3) = £ M) 

yer 4 T 3 

Since [X 5 ,T 3 T 4 ] £ H^Yl i=30 Xi £ fcer(A), we have y 77|x 5 = v\x 5 - Therefore, the re- 
strictions to X$ of both 77, 77' are clear for the proof. To show for the restrictions to 
R k with k = 2,3, we are going to prove that i? 2 ^3 = {x £ H 2 H 3 : \\ HX5TiT:i {x)\ = 
X HX 5 T iTs ^y and TiTs = Stab Ti T 3 (MR 2 R 3 )- Then by Stab Ti T 3 (X) = {1} and 
|T 4 T 3 = q A = \H 3 H 2 /R 2 R 3 \, the claim holds. 

By the above computations of [H 3 ,T 3 ] and [H2,T 4 ] we find all x £ H2H 3 such 
that A([x, y]) = 1 for all 77 £ T 4 T 3 . For 77 = x 16 (7/ 16 )x 17 (?i 17 )x22(7i22)a;23(«23) € T 3 T 4 
and x = xi2(t;i2)xi3(t;i3) litis x i( v i) ^2^3, we solve for vt in the following. 

Wie(«18 - «2l) + Wl 7 (-7J20 - U2l) + «22(«18 + Wl9) + U23(-«12 ~ Wis) = 

We have a system with variables «i : 

"is - «21 =0 
-W20 -V21 =0 
wis + «19 =0 

-7712 ~ 7713 = 0. 

We obtain solutions (wis, V19, v 20, v 2i) = (v,—v,—v,v) and (^12,^13) = {s, — s) 
for all v, s £ Fq. Therefore, x £ i?2^3- Hence, y A|_R, 2 fl 3 = A|i? 2 _R 3 for all 77 £ T 4 T 3 . 

(c) Suppose that B5 = 0. By (a), T / S\ acts faithfully on the set of all extensions 
of \\h 6 to H 6 H 5 with the same B 5 . Since IH5I/I-R5I = q 6 = \T/Si\, this action is 
transitive. Hence, there exists x £ T such that x \\xi = lx ; for all Xi £ H$. Let 
A be this linear. So S1X5 = StabTx 5 (MH 6 H 5 ), a transversal of H in HX^Si, and 
A HX5Sl |jj 5 = A HX6Si (1)A|h 5 , i.e. H 5 £ ker(X HXsSl ) and so is its normal closure 
Th in i/XgS'i. 
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By Lemma 1.5 with G = U, N = M = HX 5 S U X = n£=i XiX 6 X 7 , Z = H 6 
and Y = H$, the induction map from Irr(HX^Si/ H$, A) to Irr(U, A) is bijective. 
Since #5 c ker(X HX ^ Sl ), we have IrriHX^Sx/Th, A) = Irr^HX^X). □ 

5.5.2. Proof of Lemma 4-3- Recall that A is a linear character of H such that 
A|xj = 4> for all C H§, X\xi = lx, f° r all C -Hs, and X\x t = 4>bi for the others 
Xi C H4H3H2 where bi G F 9 . By Lemma 4.2 (c), we work with the quotient group 
HX5S1/ H$. Abusing the notation of root groups, we call them root groups in the 
quotient group. 

(a) By computation (*) in Lemma 4.2 (b) with B§ = 0, S 2 = Stabs 1 (X\H e H 5 H 4 )- 
Now we show that R 4 = {x G H A : \X HX '-' Sl (x)\ = A ffXsSl (l)}. For each hy 2 y 3 yi G 
L1T2T3T4 = Si and hi G Hi, we have [hi, ^12/22/32/4] = [^4,^12/2]- Hence, we are 
going to find all hi G Hi such that AQ/14, £12/2]) = 1 for all liy 2 G LiT 2 . Using 
the computation of [0j=24 x j( v j)> x i( u i)] m Lemma 4.2 (b) with bj = for 
j G [30. .36], we solve for in the following equation: 

«9(-t'26 - V 2 s) + U 1Q (v 2 i + V 27 - V 29 ) + Uu(v 26 - V 29 ) + Uu(v 2 i + V 25 ) + lt ls (U 26 + 
U27) + W 2 (2U24 + "25 - 2«26 - «27 + «2S) = 0. 

So we have a system with variables : 

-«26 - "28 = 

"24 + "27 — V 2 Q =0 

V26 - «29 =0 

"24 + «25 = 

V 26 +V 27 =0 

2v 24 + "25 ~ 2«26 - "27 + "28 =0 

We obtain the solution ("24, "25, "261 v 27 , v 2 g, v 2 g) = (2v , — 2v, v, — v, — v, v) for all 
v G ¥ q , i.e. X{[hi, hy 2 ]) = 1 for all hy 2 G LiT 2 iff h 4 = r 4 (v) G R 4 . 

It is clear that X HX5Sl (r 4 (u)) = A ffX5>Sl (l)0s 4 (u) for all r 4 (i>) G i? 4 by checking 
directly that A(r4(i;)) = <f>B A {v). 

(b) Suppose that B4 =^ 0. Since StabT{X\H (i H 5 H l ) = S 2 = L 2 T 3 Ti, we are going 
to show that Stabs 2 (X\H B H 5 H4,H 3 ) = Ti, and then, StabT 4 (X) — 1 is done by using 
the same argument in Lemma 4.2 (b). It means that we find all y G S 2 such that 
X([x, y}) = 1 for all x G H 3 since X{[H e H 5 Hi, S 2 }) = {1}. 

It is clear that T4 C Stabs 2 {X\H 6 H 5 H 1 H 3 ) ■ So by (a) and \H 3 \ = q 4 = \L 2 T 3 \, it 
suffices to show that L 2 T 3 acts faithfully on the set of all extensions of X\h 6 h 5 h 4 
to HqH^H 4 H 3 , i.e. Stabi J2 T l {X\H fi H !i H i H ? ,) = {!}• By the root heights and H 
is abelian, [Hj,,L 2 T 3 ] = [H 3 , T 3 ] [if 3, L 2 ], where [^3^3] is computed in Lemma 
4.2 (b). Since we work with HX 5 Si/ H 5 , for each x = litis x i( v i) "= ^3 ari ^ 
2/ = Iljii x j( u j) nj=i4 X j(uj)x 22 (u 22 ) G L 2 T 3 , we have 

[x, y] = [x, a;i 6 xi 7 a;22] [xis, x 3 ] [[[xi S , x 3 ], x 4 ], x 6 ][[[xi S , x 3 ], x e ], x 7 ] [[xi S ,x 3 },xu] [xi$,x 6 ] 

[[[xi S ,X 6 },X 7 },X 8 ] [[Xi 8 , X 6 ], Xi 5 ][[xi 8 , X G ], Xu][[xi 8 , X 6 ], Xg][xig, X 2 ][[[xi 9 , X 2 ], Xi], X 4 ] 
[[[xig,X 2 ],X 1 ],X 6 ] [[[Xig, X 2 ], X 4 ], x e ][[[xig, X 2 ], X e ], X 7 ][[xi 9 , X 2 ], Xi 4 ][xi 9 , Xi][[[xig, Xi], X 6 ], X 7 ] 
[[xi9,Xi],X W ] [[X19, Xi], Xii][xi9, X 6 ][[[Xi9, X 6 ], X 7 ], X 8 ][[xi9, X 6 ], X W ][[xi9, X 6 ], Xi 5 ][x 2 0, X 2 ] 

[[[ x 20, X 2 ],X 3 },Xi] [[[x 20 , x 2 ],x 3 ],x 7 ][[[x 2 o, x 2 ),x 7 },xg] [[x 20 , x 2 ], x 15 ] [[x 20 , x 2 ), x n ] 
[[ X 20,X 2 ] , x 9 ] [x 20 ,x 3 ] [[[x 20 , x 3 ] , x 7 ] , x 8 ][[x 20 , x 3 ] , x 10 ][[x 20 , x 3 ] , x 15 ] [x 20 , x 7 ][[x 20 , X 7 ] , Xq] 

[X 2 i , Xi] [[X 2 i , Xi] , X 9 ] [X 2 i , X S ] [[X21 , Xg] , x w ] [[x 2 i ,X S ],Xn] 

= X 37 {vi S U 16 )xi2(v 1S U22)Xi 3 {vi9U22)xio{-V20Ui 7 )x 3 9{-V2lU 16 )xu(-V2lU 17 ) 

a;25(2fi8w)a;4o(-2ui 8 u 3 )a;4i(4i;i 8 u 3 )x4i(-2i;i 8 M 3 )a;26(wi8M)a:42(-4wi8W 3 )a;42(2ui 8 u 3 ) 
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.T 4 o(wi8U 3 )a;38(-wi8U 3 )a;25(-2wi9M)x37(-2ui9U 3 )a;3 8 (2?;i9U 3 )a;4o(2wi9U 3 )a;4i(-4wi9U 3 ) 
a;4i(2ui 9 M 3 )a;24(-'yi9u)a;39(-2t;i9U 3 )a;37(wi9-u 3 )a;39(wi9M 3 )2:27('t'i9w)a;43(-4wi9M 3 ) 
•T4o(-wi9M 3 )x 4 3(2'yi9U 3 )x26(-2v2ow)x4o(4u2oM 3 )a;4i(-8w2oM 3 )^42(8v20" 3 )^42(-4u2o" 3 ) 
X4o(-2w2ow 3 )x 38 (2u2ow 3 )x27(2v2ow)a;43(-8u2ow 3 )a;4o(-2ti2ou 3 )a;43(4w2ow 3 )a;28(2w2ow) 
a; 3 9(-2w 2 ow 3 )a;28(-«2iw)a;39(w2iw 3 )a;29(-2u2iu)a;42(-2u2iu 3 )x43(2w2iM 3 ). 
Evaluating with A to get 1, we need the following equation true for all Vi : 

W18(mi6+U22 + 2625" + &26"-2w 3 )+1'19(u22-624U-2&25W + 627U-3m 3 )+W20(-W17- 

2&26U + 2&27« + 26 28 i* — 3u 3 ) + «2i(— Ui6 - un — b 2S u - 2b 29 u + u 3 ) = 0. 
So we have a system with variables Uj and it : 

1*16 + ti 2 2 + 26 2 5" + &26" - 2lt 3 = 0, 
1*22 - ^24" - 2fo 2 5" + ^27" ~ 3l* 3 = 0, 

-iti7 - 26 2 6^ + 26 2 7it + 26 2 sii - 3i* 3 = 0, 
-1*16 - "17 - hsu - 2b 29 u + i* 3 =0. 

It is equivalent to: 

1*22 = 3it 3 + (6 2 4 + 26 25 - 627)"", 
i*i 7 = 2it 3 + (36 26 + 26 2 7 + 2& 28 )u, 
iti 6 = 4it 3 + (26 26 - 26 27 - 3&2sX 

(26 24 - 2fe 2 5 + &26 - ^27 - b 2S + b 29 )u = 0. 

The last equation in the system is actually -B411 = 0. Since B4 ^ 0, the only 
solution of this system is (i*i6, 1*17, 1*22) = (0,0,0), i.e. StabL 2 T 3 (X\H e H 5 H 4 H 3 ) = 
{1}. Hence, Stab S2 (X\ H6 H 5 H 4 H 3 ) = T 4 and Stab Sl (X) = {1}. 

The above argument also proves that LiT 2 T 3 acts transitively on the set of all 
extensions of A|ij 6 jj 5 jj 4 to HQH5H4H3 with the same B4 ^ 0. The number of these 
extensions is | ^4 if 3 1 / 1 1 . Therefore, there exists x € LiT 2 T 3 such that x X\ Xi = 4> 
for all Xi C H 6 , x \\x 29 = 4>b 4 , I A|x i = ljq for the others Xi C H^HiHy,. Let A be 
this linear character. By Lemma 1.5 with G = HX5S1, N = M = HX5T4, X = 
L X T 2 T Z , Z = H 6 R 4 , Y = H 3 H™ 24 X h the induction map from Irr{HX 5 T 4 /Y, A) 
to Irr(HX^Si, A) is bijective. Let 77, rj' be two extensions of X\h 6 h 5 h 4 h 3 to HX$. 
We have rj HX5S2 , rj HX5S2 g Irr(HX^S 2 /Y, A). Using the same argument in Lemma 
4.2 (b), we obtain (^s&^HJr.Saj = 1 iff ^ = ^ and ^ = ^ 

(c) Suppose that B4 = 0. By (a), Si/S 2 acts faithfully on the set of all extensions 
of Mh 6 h 5 to H e H 5 H4 with the same B4. Since IS1/S2 = q 5 = |i?4/i?4|, this action 
is transitive. Hence, with B4 = 0, there exists x £ Si such that x \\xi = lx* for all 
Xi C H 5 H4. Let A be this linear character. Since S 2 X 5 — Stab SlX5 (X\H 6 H 5 H4) is a 
transversal of H in HX 5 S 2 , we have X HX ^ 2 \ Hi = [HX 5 S 2 : H}X\ H4 = \X 5 S 2 \l Hi . 
So H A C ker(X HXsS2 ). By Lemma 1.5 for G = HX 5 Si with TV = M = H X 5 S 2 , 
X = T 2 , Y = H4 and Z = Hq, the induction map from Irr(HXz,S 2 / H5H4, A) to 
Irr(HX 5 Si, A) is bijective where H5H4 is the normal closure of H5H4 in HX$S 2 . 
Since i7 5j ff 4 C /cer(A HX5S2 ), we have Irr{HX 5 S 2 /ThHl, A) = Irr(HX 5 S 2 , A). □ 

5.5.3. Proof of Lemma 4-4- Recall that A is a linear character of H such that 
A|xj = <j> for all Xi C H &1 X\ Xi = lx t f° r all Xi c H 5 H4, and A|x; = for the 
others X,; C H 3 H 2 where bi £ F,. By Lemma 4.3 (c), we work with the quotient 
group HX5S2/H5H4. Abusing the notation of root groups, we continue to call them 
root groups in the quotient group. 

(a) By the computation in Lemma 4.3 (b) with B4 = 0, it is clear that S3 = 
Stabs,(MH e H B HiH 3 )- Now we show that R 3 = {x e H 3 : \X HX5S2 (x)\ = X HX -' s ' 2 (l)}. 
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Since X5S2 is a transversal of H in HX5S2, we are going to find x £ H 3 such 
that X([x,y]) = 1 for all y £ S 2 - Since [H 3 ,X 5 ] = {1} = [i7 3 ,T 4 ], it is enough 
to work with x £ H 3 and y £ S2T3. For each x = Oi=is x i( v i) ^ ^3 an d 
y = njii x j( u j) 0^=14 x j{ u j) x 2 2 (u22) £ S2T3, by the computation in Lemma 4.3, 
we find (^i)ie[i8..2i] satisfying for all Uj and u in the following equation: 

"16(^18 - V2l) +Ui 7 (-V20 - V21) +lt 2 2(«18 +Vig) + U 3 (-2v 1S - 3v lg - 3l>20 + "2l) = 0- 

We have a system with variables w,j : 

vis - V21 = 0, 

-V20 - V21 = 0, 

vis+v 19 = 0, 

-2V18 - 3v W - 3V20 + V21 = 0. 

Its solutions are (vis, "19, "20, "21) = (u,—u,—u,u) for all u £ F 9 , i.e. x = 
r 3 (u) £ R 3 . Now to show that \ HXsS2 \r 3 = [HX 5 S 2 : H](f>B 3 , it is enough to check 
A(r3(£)) = 4>B 3 (t) which is clear. 

(b) Suppose that B 3 ^ 0. By (a) we have Stabs 2 {MH e H 5 H 4 H 3 ) — S 3 = -L3T4. 
To show that Stabs 2 (X) = {1}, since IZ/3T4 = q 2 = \H2\1 we show that L3T4 acts 
faithfully on the set of all extensions of X\h 6 h 5 H4,h 3 to iJ, i.e. proving that there is 
no nontrivial y £ L 3 T^ such that X([x, y\) = 1 for all x £ i?2- 

By the root heights, [H 2l L 3 T4\ = [H 2 , T 4 ][7?2, L 3 ], where [-ff 2 ,T 4 ] is computed 
in Lemma 4.2(b). For x = 2q 2 (vi2)£i3(wi3) £ H 2 and y = l 3 (u)x 23 (u2 3 ) £ L 3 T i7 
we have 

[x,y] = [x,x 23 }[x,l 3 ] = [x 1 2,X2 3 ][x 1 2,X2][[[[x 1 2,X2],x 3 ],X4],x 6 ][[[[x 1 2,X2],x 3 ],x e ],x 7 ] 
[[[[aJia,^],^],^],^] [xi2,x 3 ][[[[xi2,a;3],a;6],a;7],a;8][a;i2,x 6 ][[[a;i2,X2],X3],a;i4] 
[[[ari2,X2],a;6],ar9] [[[^12, X2], xe], xu] [[[xi2, X2], x&], aiis] [[[^12, X3], xe],xw] [[[a;i2, 2:3], are], xis] 
[[[a?i2,X6]) X7], xq] [^12^2], 2:22] [[ari2,a;2],ari6][[ari2, 0:3], ar22][[ari2, are], ari7][[a:i2,ar9],ario] 

[[Xl2, Xg], X U ] [X13, X 23 ] [^13,2:4] [x 13 , X7] [[[xi 3 , X4], X7], Xq] [[[xi2, X7], X S ], X W ] 

[[[xi3, X7], x 8 ], aru] [[x 13 , x 4 ], x 17 ] [[x 13 , x 7 ], x 16 ][[x 13 , x 7 ], x 17 ] [[x 13 , x 10 ], x 15 ] 
[[xi3, x w ], xu] [[ari3,a;ii],a;i5] 

= X37(-Wl2?i23)^18(-2ui 2 u)2; 4 o(4wi2U 4 )2;4i(-8wi2U 4 )2;42(8t;i2M 4 )2;i9(2ui2M)2:43(-8i;i2U 4 ) 

2;20(wi2")2;4l(4wi2U 4 )2;38(2ui2W 4 )^40(-2wi2U 4 )^42(-4wi2U 4 )^40(-2wi2W 4 )^4 3 (4'yi2M 4 ) 

X39(-2W12M 4 )X 42 (-6W12M 4 )X37(-8W12M 4 )2; 4 3(6U12U 4 )2;40(-2W12U 4 )2:37(W12U 4 )2; 3 9(W12W 4 ) 

^38(-Wi 3 U 23 )2;2o(-Wl3w)2:2l(2wi3u)2:39(2wi3U 4 )2; 4 2(-4t;i3U 4 )2: 4 3(4i;i3U 4 )2:4o(2wi3M 4 ) 

^39(-8wi 3 M 4 )a; 4 i(-4wi3U 4 )2; 4 2(2ui3U 4 )x4o(wi3U 4 )2:43(-2wi3U 4 )- 

Evaluating with A to get 1, we obtain in the following equation: 
«12(-S23 - 2&i 8 u + b 2 ou + 2b w u - 2u 4 ) + vi 3 (-u 23 - b 2 ou + 2b 2 \u - 2u 4 ) = 0. 
We have a system with variables Uj and u : 

( ~u 23 - 2b w u + b 2 ou + 2b w u - 2u 4 = 0, 
\ -"23 - b 2 ou + 2b 2 \u - 2u 4 = 0. 

It is equivalent to: 

f M 2 3 = 3u 4 + (-2&i 8 + &20 + 2&i 9 )u, 
\ (6i 8 - 6 20 - &19 + &2l)« = 0. 

The last equation is actually B 3 u — 0. Since B 3 ^ 0, the only solution is 
("23, u) = (0,0), i.e. StabL 3 T 4 (X) = {1} or L3T4 acts faithfully on the set of 
all extensions of X\H e H 5 HiH 3 to H. Hence, we also get Stabs 2 (X) = {1}. 

Therefore, there exists x £ L 3 T 4 such that ^Alxi = 4> f° r all Xi C H 6 , x X\x 21 = 
<f>B 3 , x X\xi = for the others Xi C H$H±H 3 . Let A be this linear. By Lemma 
1.5 with G = HX 5 S 2 , N = M = HX 5 , X = S 2 , Y = Y[™ 18 X, and Z = H 6 X 2 i, 
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the induction map from Irr{HX^/Y,X) to Irr(H X5 S2 > A) is bijective. Using the 
same technique in Lemma 4.2 (c), the rest statement holds. 

(c) Suppose B 3 = 0. By (a), S2/S3 acts faithfully on the set of all extensions 
of X\h 6 h 5 h 4 to H 6 H 5 H4Hz with the same B 3 . Since \S2/S 3 \ = <7 3 — \Ha/Ra\, this 
action is transitive. Hence, there exists x € S2 such that x X\xi — ljt 4 for all 
Xi C if5.EZ4.ff3. Let A be this linear. Since X5S3 is a transversal of H in HX5S3 
and S 3 = Stabs 2 (X\H e H 5 H 4 H 3 ), we have X HX5S3 \h 5 h 4 h 3 = X HXsS:i (1)X\h 5 h 4 h 3 ■ 
Therefore, H5H4H3 C ker(X HX5S3 ), so is its normal closure H5H4H3 in HX5S3. 

By Lemma 1.5 with G = HX 5 S 2l N = M = HX 5 S 3 , X = T 3 , Y = H 3 
Z = ff 6 , the induction map from Irr(HX 5 S 3 /Y, X) to Irr(HX 5 S 2 , A). Since Y C 
fcr(A ffX5S3 ), we have Irr{HX 5 S 3 /Y, A) = Irr(HX 5 S 3 , A). 

5.5.4. Proof of Lemma 4-5- Recall that A is a linear character of if such that 
X\ Xt = (/) for all X l cH 6 = Z(U), X\ Xi = l Xi for all X t C H 5 H 4 H 3 , and A| Xl = 0b, 
for the others C H 2 where bi G ¥ q . By Lemma 4.3 (c), we work with the quotient 
group HX$S 3 / H^H4H 3 . Abusing the notation of root groups, we continue to call 
them root group in the quotient group. 

(a) By the computation in Lemma 4.4 (b) with B 3 = 0, S4 = Stabs 3 (X). Now we 
show that R 2 = {x G H 2 : \X HXsSa (x)\ = X SXsSa (l)}. Since X 5 S 3 is a transversal 
of H in HX^S 3 , we are going to find x G H 2 such that A([a;,2/]) = 1 for all y G S 3 . 
Since [H 2 ,X^\ = {1}, it is enough to work with x G H 2 and y G S4. For each x = 

Yli=i2 x i( v i) e ^2 an< ^ f = ^3( u ) a; 23('«23) G S3T4, by the computation in Lemma 
4.4 (b), we find (1*12, U13) satisfying for all M23 and u in the following equation: 

u 23 {-vi 2 - v X3 ) + 2u 4 (-«i2 - U13) = 0. 

So (v\ 2l vi 3 ) = (v, —v) for all v £ F g , i.e. x = ^("u). Since A(r2(v)) = 4>b 2 ( v ) for au 
r 3 (t>) G R 2 , we have A^ S3 | ff2 = [HX 5 S 3 : H]</> Ba . 

(b) Suppose that B 2 G F g — {c 4 :ceF g x }. Let 77 be an extension of A to HX$. 
Since S4 = Stabs 3 (X), to get Ihx 5 s 3 (v) = HX^, we show that S4 acts transi- 
tively on the set of all extensions of A to HX$. Hence, we find all 1 4 £ S4 such 
that X([hx5, 1 4]) = 1 for all h G H and x$ G X5. Since S4 = Stabs 3 {X), we have 
X([h, = 1 for all h G ff , I4 G S4. Thus we compute [0:5, Z4]. Since we work with 
HX 5 S 3 /H 5 H4H 3 , for each £5(1)5) G X 5 and ^(w) G S4, we have 

[x 5 (<U 5 ), Z 4 (lt)] = [H , ^4] [[[x 5 , £4] , X9] , Xio] [[[X5 , X4] , Xg) , X14] [[[[x 5 , X4] , X 6 ] , X 7 ] , Xg] 
[[[xr n X4\,X 6 },X 17 ] [[x 5 , x 4 ], x 23 ][x 5 , x 6 ][[[x 5 , x 6 ], x 10 ], xn][[[x 5 , x e ], X 10 ], X 15 ] 
[[[x 5 ,xe},xii],xi 5 ] [[[[x 5 , x e ], x 7 ], x s ], x 10 ][[[[x 5 , x 6 ], x 7 ], x s ], xn][[[x 5 , x 6 ], x 7 ], x 16 ] 
[[[x 5 , x 6 ],x 7 },x 17 ] [[x 5 ,x 6 ],x 23 ] [[x 5 , X14], an 6 ] [[xg, H4], Ht] [[h, Hi], ^22] 
[[a?5, Ho], xie] [[x5,x 10 ],x 22 ] 

= xi 2 {-v 5 u)x 37 {-v 5 u 5 )x 39 (-v 5 u 5 )x 39 {2v 5 u 5 )x4o{2v 5 u 5 )x 37 (3v 5 u 5 )xi 3 (v 5 u)x4o{v5U 5 ) 
X4 2 (2v 5 u 5 )x4 3 (-2v 5 u 5 )x4 2 (-4:V 5 u 5 )x4 3 (Av 5 u 5 )x 39 (-8v 5 u 5 )x4i(-4:V 5 u 5 )x 3 s(-3v 5 u 5 ) 
X 39 (4v 5 u 5 )x4i(2v 5 u 5 )x4 3 (-3v 5 u 5 )x4 2 (3v 5 u 5 )x 37 (4v 5 u 5 ) 
Evaluating with A to get 1, for all i>5 we need 

«5(-(&i2 - h 3 )u + u 5 ) g ker(4>), 

which is vc,(u 5 — B 2 u) G ker{<j>) for all V5. Hence, we solve for u : u(u 4 — B 2 ) = 0. 
Since B 2 G ¥ q — {c 4 : c e F ? x }, this equation only has one trivial solution u = 0, 
i.e. Stabs 4 {ij) = {!}, or I H x 5 s 3 (v) = HX 5 . 
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(c) Suppose that B2 = c 4 £ F* . Let 77 be an extension of A to HX§. Continue the 
computation in (b), the equation u(u A — B2) = has 5 solutions u £ {ac : a £ F5}, 
i.e. U(u) £ F4. Hence, Ihx 5 s 3 (v) = HX5F4,. Since [-ffA 5 ,F 4 ] C ker(ri), r\ extends 
to HX5F4, i.e. A extends to HX5F4. 

Since S4 = Stabs 3 (X) = ¥ q , we have [H , S4] C fcer(A). So A extends to HS4 < 
HX 5 Sz. Let A' be an extension of A to HS4. We find Ihx 5 s 3 (X')- Since Stabx 5 s 3 {X r ) C 
S , ta6x 5 S3(A'|ff) = A5S4, it is enough to find all £5 £ X 5 such that X'([x5, M4]) = 1 
for all M4 £ 775*4. Since HX$ is abelian, we have [:E5,W 4 ] = [2:5, Z4]. For each 
£5(^5) £ A5 and h(u) £ £4, by the computation in (b), we need 

v$(u 5 — B 2 u) £ her (</>), for all u £ F g . 
By Proposition 1.3, there are 5 solutions W5 £ {ac^ : a £ F5}, i.e. £5(^5) £ F5. 
Hence, I H x B s 3 (X') = HF 5 S4- Since [F 5 ,5 4 ] C fcer(A'), A' extends to HF 5 Si, i.e. A 
extends to HF 5 S4. 

Let Ai, A2 be two extensions of A to HX5F4, and 7 an extension of A to HF5S3. 
Since the degree of all irreducible constituents of \ HX $ S 3 is we have Xi HX5S3 , 

X 2 HX 5 S 3j ^HX 6 S 3 £ / rr (JJX 5 5 3 ,A). 

Choose 1 £ 5 c 53 as a representative set of the double coset HF 5 S4\HX 5 Ss/HX 5 F4. 
Since FF5S4 n i?X 5 F 4 = JT.F5.F4 and if A5F4 < ii A 5 S 3 , by Mackey formula, 

(Xl HXb 3 ,'y HX5Ss ) = J^sesi^llHHXsF^tlHFsSnllHHXsF^nHFsSi) 
= Y^ses( S ^\HF 5 F 4 ,l\HF 5 F 4 ) 

For each s £ S, if s Ai|//f 5 f 4 = j\hf 5 F4, then s Ai | = j\h- Since both are 
extensions of A, we have S X = A, i.e. s £ Stabs 3 (X) = S4. There is unique 1 £ SDS4 
since S is a representative set of HF 5 Si\HX 5 S 3 / 'HX 5 Fi. So (A^ 5 ^, 7 ff ^s 3 ) = 
(Ai|jjF 5 f4,7|i?F5F 4 ) = 1 iff Ai| Fi = 7|f,,« £ {4,5}. 

Therefore, Ai ffXsS3 = 7 ff ^S 3 = ^^ft iff ^ = A 2 | F .,i £ {4,5}. □ 
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